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Abstract

In this paper, we provide a comprehensive review of the literature on estimation, inference, and
model selection approaches for cross-sectional matrix exponential spatial models. We first discuss
the properties of the matrix exponential specification in modeling cross-sectional dependence in
comparison to the spatial autoregressive specification. We then provide a survey of the existing es-
timation and inference methods for cross-sectional matrix exponential spatial models. We carefully
discuss summary measures for the marginal effects of regressors, detail the matrix-vector product
method for efficient computation of matrix exponential terms, and then explore model selection
approaches. Our aim is not only to summarize the main findings from the spatial econometric liter-
ature but also to make them more accessible to applied researchers. Additionally, we contribute to
the literature by presenting several new results. We propose an M-estimation approach for models
with heteroskedastic error terms and demonstrate that the resulting M-estimator is consistent and
asymptotically normally distributed. Moreover, we provide additional results for model selection
exercises. Finally, in a Monte Carlo study, we evaluate the finite sample properties of various
estimators from the literature alongside the M-estimator.
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1 Introduction and motivation

Spatial econometric models deal with estimation and inference problems that arise from (weak) cross-
sectional dependence or correlation in data marked with location stamps. The spatial autoregressive
(SAR) model has been a widely used approach for modeling spatial dependence since its inception in
Whittle (1954) and Cliff and Ord (1969, 1973). The matrix exponential spatial specification (MESS)
was introduced by LeSage and Pace (2007) as an alternative to the SAR specification, primarily due
to its computationally appealing properties in likelihood-based estimation schemes. Despite various
estimation and inference methods proposed in the econometrics literature for models using either
specification, the empirical literature is predominantly populated with papers utilizing the SAR speci-
fication. For instance, a Google Scholar search for “spatial autoregressive model” yields 13,100 results,

whereas a search for “matrix exponential spatial specification” returns only 212 results.

This highly skewed preference towards the SAR specification by applied researchers is unfortu-
nate in the sense that the MESS attains some attractive properties. First, we must emphasize that
the MESS and the SAR imply different rates of decay for cross-sectional dependence. While it is a
geometric rate in the case of SAR, the MESS implies an exponential rate of decay for spatial corre-
lation. Consequently, they also imply different reduced forms for the cross-sectional models. Second,
contrary to the SAR specification, the MESS does not require any restrictions on the parameter space
of the spatial autoregressive parameters as the reduced form of the MESS always exists. In particular,
the MESS always yields a positive definite covariance matrix for the outcome variable. Third, in
the likelihood-based estimation, the log-likelihood function of a SAR specification includes Jacobian
determinant terms that can be difficult to compute when the number of cross-sections is large. The

MESS log-likelihood function, on the other hand, does not involve such Jacobian terms.

In this paper, our aim is to provide a complete comprehensive review of the econometric lit-
erature on the estimation, inference, and model selection methods for the cross-sectional MESS-type
models.! More specifically, we aim to present the existing results from the literature in a more
accessible way so that they can be utilized easily in empirical applications by applied researchers.
Furthermore, we extend the existing literature in some important respects. Firstly, we propose a new
estimation and inference methodology for the cross-sectional MESS-type models with an unknown form
of heteroskedasticity. Second, for the model selection problems involving cross-sectional MESS-type
models, we consider a new method for computing the marginal likelihoods of the competing models
in a Bayesian framework. In a Monte Carlo study, we also assess the finite sample properties of some
existing estimators from the literature along with our proposed method. The simulation results show

that the suggested M-estimator performs satisfactorily in finite samples.

'We focus on cross-sectional MESS models because there are a few papers on panel data MESS models in the literature.
See, e.g., LeSage and Chih (2018), Zhang et al. (2019), Yang (2022) and Yang et al. (2024).



Various estimation methods for the MESS models have been considered in the literature (LeSage
and Pace, 2007; Debarsy et al., 2015; Yang et al., 2021, 2024). LeSage and Pace (2007) consider
both the maximum likelihood and Bayesian estimation approaches. Debarsy et al. (2015) formally
investigate the large sample properties of the quasi-maximum likelihood estimator (QMLE) and the
generalized method of moments estimator (GMME). Although both estimators have the standard
large sample properties, the GMME can be more efficient than the QMLE when the innovations are
non-normal or heteroskedastic. Debarsy et al. (2015) showed that, unlike the SAR-type models, in
the presence of an unknown form of heteroskedasticity, the QMLE of the MESS model can remain
consistent if the spatial weights matrices used in the model are commutative. In this paper, we extend
on their results by introducing an M-estimation methodology that is robust to heteroskedasticity when
the spatial weights matrices do not commute. We also formally establish the large sample properties

of the resulting M-estimator.

We provide Bayesian estimation algorithms for the MESS models in the case of both homoskedas-
tic and heteroskedastic error terms (LeSage and Pace, 2007; Yang et al., 2021; Dogan et al., 2023).
In the case of heteroskedasticity, we assume that the error terms follow a scale mixture of normal
distributions, where the latent scale variables generate distributions with different variances. The la-
tent variable representation facilitates the estimation through data augmentation techniques. In both
homoskedastic and heteroskedastic models, the conditional posterior distributions of parameters take
known forms, except for those of the spatial parameters. The posterior draws for the spatial parame-
ters can be generated either by using the random-walk or the independence-chain Metropolis-Hastings
algorithms (Lesage, 1997; LeSage and Parent, 2007; LeSage and Pace, 2009; Yang et al., 2021). We
also consider the estimation of the MESS with endogenous and Durbin’s regressors. Jin and Lee (2018)
show that the popular nonlinear two stage least squares (N2SLS) estimator, although consistent, may
suffer from slow rates of convergence, and may attain nonstandard asymptotic distributions when the
true value of a subset of model parameters is zero. We highlight how an adaptive group lasso estimator

can provide a solution to these problems.

One prominent issue for the estimation of MESS-type model relates to the computation of the
matrix exponential terms. Although there are various methods suggested in the literature, there is no
single method that outperforms the rest in all cases (Moler and Van Loan, 2003). As such, we visit
the computation of the matrix exponential terms and exhibit how the matrix-vector product approach
originally suggested by LeSage and Pace (2007) can be utilized for quick computation of these terms.
A further issue for the MESS models relates to the interpretation of the coefficient estimates for
the explanatory variables. In spatial models, the interpretation of the coefficient estimates for the
explanatory variables becomes more complicated due to the cross-sectional interactions. To this end,

we review the existing results on the estimation and inference results for the impact measures for the



MESS-type models (LeSage and Pace, 2009; Jin and Lee, 2018; Arbia et al., 2020).

When modeling spatial dependence, researchers may encounter specification problems related to
choosing a spatial weights matrix from a pool of candidates or choosing between nested or non-nested
alternative model specifications. Often, modeling is done in an ad hoc manner and there is no guidance
from an underlying structural model to address these issues. To this end, we provide a complete review
of the literature on testing based, criterion based and marginal likelihood-based approaches for model
selection problems involving MESS-type models (LeSage and Pace, 2009; Han and Lee, 2013b; Liu and
Lee, 2019; Yang et al., 2022; Dogan et al., 2023). In this regard, we also visit the Bayesian approaches
and consider the modified harmonic mean method of Gelfand and Dey (1994) for the computation of

the marginal likelihoods of competing models.

The rest of this paper is organized as follows. Section 2 reviews several cross-sectional MESS-
type models. This section also introduces the main properties of a matrix exponential term. Section 3
details the matrix-vector product approach for the efficient computation of matrix exponential terms.
Sections 4-8 discuss various estimation and inference techniques for the MESS-type models. Section
9 presents the impact measures for the MESS-type models and illustrates the inference methods for
the impact measures. Section 10 considers various kinds of model selection approaches involving the
MESS-type models. Section 11 presents results of a Monte Carlo study, focusing on the M-estimation of
the MESS-type models. Section 12 ends our review with some concluding remarks for future research.

Some technical results are relegated to an appendix.

2 Model Specification

We consider the following first-order matrix exponential spatial model (for short MESS(1,1))
VY = X3, 4+ U, MU=V, (2.1)

where Y = (y1,..., yn)/ is the n x 1 vector of observations on a dependent variable, X is the n x k matrix
of non-stochastic exogenous variables with the associated parameter vector By, U = (uq,... ,un)/ is
the n x 1 vector of regression error terms, and V = (vq, ... ,vn), is the n x 1 vector of idiosyncratic error
terms. We follow the literature to assume that the elements of X are non-stochastic for simplicity
(Kelejian and Prucha, 1998; Lee, 2004). Alternatively, the elements of X can be assumed to be
stochastic with a finite moment of certain order. The matrix exponential term e*W is defined by

oW — Yo “0—, where W is an n x n spatial weights matrix with zero diagonal elements and Ag
is a scalar spatial parameter. The matrix exponential e”*M is defined in a similar way, where M is

another n X n spatial weights matrix and pg is a scalar spatial parameter.

The MESS(1,1) in (2.1) can be considered as the matrix exponential counterpart of the spatial



autoregressive model with spatial autoregressive disturbances (SARAR(1,1)),
(In — OCOW)Y =XGy+ U, (In — ToM)U =V, (2.2)

where ag and 7 are scalar spatial autoregressive parameters. The MESS(1,1) specification is obtained
from (2.2) by replacing (I, — oW) and (I,, — 7oM) with e*W and €M respectively. The matrix
exponential terms satisfy the following properties (LeSage and Pace, 2007):

1. e“? is non-singular, where A is an n x n matrix and ¢ is a scalar constant,

2. (ecA)—l — G_CA

)

3. e = e (A) where | - | is the determinant operator and tr(-) is the trace operator,
4. eAeB = eATB_ where A and B are two n x n matrices satisfying the commutative property
AB = BA.

Because of these properties, the spatial models formulated with the matrix exponential terms have
some advantages over the spatial models formulated with the spatial autoregressive processes. The
first and second properties ensure that the reduced form of matrix exponential models always exists
and does not require any restrictions for the spatial parameters. In the context of (2.1), the reduced

form can be expressed as
Y = e WX + e 0 WeoMy, (2.3)

This reduced form suggests an exponential pattern of decay for the influence of high-order neigh-
boring characteristics while the reduced form of a SAR process gives a geometric decay for the influence
of high-order neighboring characteristics. We note that analogous to time series literature, fractionally
differenced and fractionally integrated processes can also be considered for allowing possible slowly de-
caying rates for high-order neighborhood characteristics (LeSage and Pace, 2009; Otto and Sibbertsen,
2023).

’\W‘ = (W) = 1 because W has zero diagonal elements.

The third property implies that ‘e
This property ensures that the log-likelihood functions of matrix exponential models are free of any
Jacobian terms that need to be computed many times during estimation (see Section 4 for the details).
On the other hand, the likelihood functions of spatial autoregressive models are not free of Jacobian

terms. For example, the likelihood function of the SARAR(1,1) model involves |I,—7M]| and |I,—aW|,

which must be computed in each iteration during estimation.

The MESS(1,1) specification nests two alternative specifications, namely, the MESS(1,0) and
MESS(0,1), which can be obtained by setting \g = 0 and py = 0, respectively. A spatial Durbin



extension can be obtained by including the spatial lags of the explanatory variables as regressors:
WY = X8+ WXy + U, MU=V, (2.4)

where WX denotes the spatial lag of X and dg is the corresponding vector of coefficients.

In the MESS(1,1) model, spatial interactions in the outcome variable arise only trough W, and
in the disturbance terms only through M. In some cases, spatial dependence may arise from different
sources, requiring different matrix exponential terms formulated with different spatial weights matrices.
Let {W;}!_; and {M, }?:1 be two sequences of spatial weights matrices. Then, following LeSage and
Pace (2009) and Debarsy et al. (2015), a high-order version including the matrix exponential terms
formulated with {W;}}_, and {M, };1:1 can be specified as

Xt MoWiy — XB) + U, Xi-1oMiy =V, (2.5)

where {Nio};_; and {pjo}j_, are sequences of spatial parameters. This model can be called the

MESS(p, ¢) model. We can alternatively define the high-order version in the following way:

p q
(H eMOWi> Y=XB+U, |[[[e#™ |U=V. (2.6)
j=1

=1

This version may not coincide with (2.5) because the fourth property mentioned above states that

eAeB = ¢A1B holds when A and B are commutative, i.e., AB = BA.

Finally, we specify the distribution of the elements of V. We can consider both homoskedastic

and heteroskedastic error terms as specified in the following assumptions.

Assumption 1. v;’s are independent and identically distributed (i.i.d.) across i with mean zero and

variance o3, and E |v;|*T¢ < oo for some o > 0.

Assumption 2. v;’s are independently distributed over i with E (v;) = 0 and Var (v;) = o2

<, and

E |v;|*T¢ < 0o for some o > 0.

Both assumptions require that the first 4 + p moments of the error terms exist and are finite,
which is required by the central limit theorem (CLT) considered by Kelejian and Prucha (2001, 2010)

for the linear and quadratic forms of V (see Lemma 4 in the Appendix).

3 Computation of matrix exponential terms

A prominent issue in the estimation of MESS-type models is the computation of matrix exponential

terms. To this end, there are several methods suggested in the literature such as the Taylor series



approximation, Padé approximation, ordinary differential equation methods, polynomial methods,
matrix decomposition methods, splitting methods and Krylov space methods. Popular software such
as Python, R, MATLAB and Mathematica provide functions that can be used to compute the matrix
exponential of a given matrix. For example, MATLAB (function expm), Mathematica (function Ma-
trixExp) and Python (function scipy.linalg.expm) utilize a scaling and squaring method combined

with a Padé approximation for the computation of matrix exponential terms.

Moler and Van Loan (1978, 2003) assess the effectiveness of nineteen methods according to the
following attributes: (i) generality, (ii) reliability, (iii) stability, (iv) accuracy, (v) efficiency, (vi) storage
requirements, (vii) ease of use, and (viii) simplicity. They conclude that though “none (of the methods
in their paper) are completely satisfactory,” a scaling and squaring method with either the rational

Padé or Taylor approximants can be the most effective one to compute the matrix exponential terms.

As pointed out by Moler and Van Loan (1978, 2003), all methods suggested in the literature
are dubious in the sense that a sole method may not be entirely reliable for all applications. For
example, in the context of MESS-type models, the scaling and squaring method combined with the
Padé approximation as implemented in MATLAB through expm function can be highly costly in terms
of computation time (Yang et al., 2021). Our ensuing analysis on the estimation of the MESS(1,1)
model indicates that we need to compute terms such as e*WePMY and e®MX. Because the matrix
exponential terms show up as premultiplying a conformable vector, i.e., the matrix-vector product
structure, instead of trying to approximate e*W and e”M, approximations to e*WeMY and ePMX
can be computed (LeSage and Pace, 2007). In fact, the matrix-vector product approximation can

reduce the computation time significantly.

In the following, we show how to approximate the matrix-vector product terms e*WeMY and

ePMX. Let Diag(ai,...,a,) be the n x n diagonal matrix with the ith diagonal element a;. We first

AW

consider e*WePMY . We can truncate the matrix exponential terms at the (¢ + 1)th order and express

AW erMY ag

4 ng L W
MW~ o M VWY
MWY Y =D Y

1
i=0 T 5=0 J:
A WMW a 1/}7)\ MJW 1 PAMIW?
ST Ny S Ay S
1=1 j=0 =1 5=0 1=0
=Y 1Dik1(A, p) + Y2Daka (A, p) + Y3D3k3(A, p), (3.1)



where

Y, = [MY,M*Y, M*WY, M*Y, M*WY, M*W?Y, ... MY, M‘WY,... MW Y],
Y, = [WY, WY MW?Y, WY MW?Y, M*W?Y, ... WIY MW?Y,... M7 'W7Y],

Y; = [Y, MWY,M*W?Y,... M/WYY],

1 1 1 1 1
Dy =Dy =Diag [ ——) ——
L= 1ag<0!1!’0!2!’1!2!’ " 0lg!” ’(q—1)!q!>’
11 1 1
D; = Di
P <<0!>2’ (12 @2 <q!>2> ’

k1(A ) = [p, 0%, A, 0%, 0PN PP NP, 9 pIN, L TN
&2()\7 p) = [)‘7 )\27 )\2107 )‘37 )\3;01 )‘3 27 s 7)‘q7 )\qp> R )\qPq_l]/ )

k3(Ap) = [1,pX, p* A%, 0% A% pINT]

The result in (3.1) expresses e®Me*WY in terms of Y; and D; for j € {1,2,3}. These terms can be

computed once, and then supplied as inputs for the objective function in an optimization solver.

Let X = [X1,Xs,...,X}], where X; is the ith column of X. Then, we can express e’MX as
e’MX = [eMMXy, eMMXo, ..., e™MX,] ~ XDyka(p), (3.2)
where

X = [X1,MXy,..., M‘Xy, Xy, MXo, ..., MXy, ..., X, MX;, ..., MIX,],

. 1 1 1 1
D4_Ik®D1ag<0',1‘,2',...,q‘>,

ka(p) =L, @ [Lp, 0%, ..., 07 .

The approximation in (3.2) indicates that the computation of eMX also requires only the matrix-
vector product operations. We can compute X and D4 only one time and then pass these terms as
the inputs of the objective function in an optimization solver.

In an extensive Monte Carlo simulation study, Yang et al. (2021) compared the computation
time required by the matrix-vector product method with the expm function of MATLAB. For the
QMLE, they demonstrated that the matrix-vector product method reduced computation time by 98%
to 99% compared to the expm function. In the case of GMME, the computation time decreased by
95% to 97%. In the context of the Bayesian estimator, the computation time was reduced by at least

99%.



4 Maximum likelihood estimation approach

The maximum likelihood (ML) estimation of the MESS model has been considered for both the
homoskedastic case (LeSage and Pace, 2007, 2009; Debarsy et al., 2015) and the heteroskedastic case
(Debarsy et al., 2015). In this section, we first introduce the estimation approach for the homoskedastic

case and then for the heteroskedastic case.

4.1 Estimation under homoskedasticity

In this section, we will consider the quasi maximum likelihood estimation of the MESS(1,1) model
with homoskedastic disturbances as maintained in Assumption 1. Let 8 = (v',02), v = (8,¢)
and ¢ = (\,p)". Also let 8y = (v5,02) denote the true values of the parameters. Then, the quasi
log-likelihood function for the MESS(1,1) is given by

]. ! !
In L(6) = — 2 In(270%) + In ‘eAW( In[eM] = (WY - XB) M MWy - XB).

Since In [e*W| = In(e*W)) =In1 = 0 and In |eM| = In(eP* ™)) = In1 = 0, the two Jacobian terms

disappear in the quasi log-likelihood function. Thus, the quasi log-likelihood function simplifies to

]. / !
In L(6) = —g In(2m0®) = (VY - X8) M ME@WY - XB). (4.1)

We can concentrate out o2 from the quasi log-likelihood function to obtain the concentrated quasi
log-likelihood function only involving . From the first order condition with respect to o2, the quasi

maximum likelihood estimator of o2 is given by
5% () = %(&WY —X8) MM AWVY — X3). (4.2)
Substituting (4.2) into (4.1), we obtain the concentrated quasi log-likelihood function as
InL(v) = —g In(2r + 1) — gln 52(v). (4.3)
Then, the QMLE 4 of ~q is defined as
4 = argmaxIn L(7y),
v

which is equivalent to

7 = argmin Q). (4.4)



where Q(7) = (e*WY — X8) ePM ePM (WY — X 3). Substituting 4 into (4.2), we obtain the QMLE
of 02 as 62 = 62(7).

The large sample properties of the QMLE 4 can be established under some regularity conditions.
For consistency, the necessary conditions are identifiable uniqueness of 7y and the uniform stochastic
convergence of the quasi maximum likelihood function to its population counterpart (White, 1994,
Theorem 3.4). For asymptotic normality of 4, the CLT for linear and quadratic forms can be utilized
(Kelejian and Prucha, 2001, 2010). The low level assumptions guaranteeing the large sample properties
of 4 are (i) the existence of moments of error terms up to 4 + ¢ moment, (ii) a manageable degree of
spatial correlation, (iii) a compact parameter space for ¢, (iv) the non-singularity of certain matrices
in large samples, and (v) certain restrictions to guarantee identification of 4y in large samples. A

complete formal list of these low level assumptions is provided in Debarsy et al. (2015).

The score functions with respect to the elements of < are given by

B: —2X M V(v),
=< A 2V (9)ePMWerVY, (4.5)
p: 2V (y)MV(y),

0Q(v)
oy

where V() = ePM(e*WY —X3). Define B = Var (ﬁ%ﬁ) and A =E (—%%). To introduce

the closed-forms of A and B, let u3 = E(v}), s = BE(v}), W = ePMWe—oM Hs = H + H for any
square matrix H and vecp(H) be a vector containing the diagonal elements of H. Then, using (4.5)

and Lemma 2 in Appendix A, we obtain

2 (ePMX)' (ePMX) x .
A=——| —2(WemMXG) emMX Ay, x :
0 odtr (WeM?)  odtr (MSM?)
0 x ok
B = 202A + % —2u3 (vecp (W#)) e MX 0 )
0 0 B,

where the elements are defined as Ay, = oftr (WSW?) + 2 (WepoMXBO)/ (WepoMX,Bo) and B,, =

(1a — 303) vec, (W*) vecp (W*) + 4ug (WepoMX,Bo)/vec p (W?9). The asymptotic distribution of 4

can be derived by applying the mean value theorem to %ﬁy) around . By the mean value theorem,

82 ~ -1 o — q. 2 3
% 8%:’)) ﬁ%, where 4 lies between 4 and g elementwise.

920(~ o2 .
%%QT(;/’) ~-1E (%) = 0p(1) and the asymptotic

we can write /n(y —y) = — (
Then, the desired result follows by showing that

10



normality of ﬁ%ﬂ?t’) by Lemma 4 in Appendix A. Thus, it follows that

Jmﬁ—waﬁw(mlmLAﬂBA*ﬁ. (4.6)
n—o0

Note that there are two cases that yield B = 202A. The first case arises when W and M
commute. Under the commutative property, we have W = W and vecp(W?*) = 0, suggesting that
B = 202 A. The second case occurs when the disturbance terms are normally distributed. Under the
normality, we have p4 = 30§ and pg = 0, yielding again B = 202 A. In either case, the result in (4.6)
reduces to /n(¥ — o) 4 N(0,limy, 0 208 A1),

Finally, for inference, the plug-in estimators of A and B can be utilized. To that end, 0[2) can
be consistently estimated by evaluating (4.2) at 4, and pug and pg can be consistently estimated by
their sample analogs using the residuals V(%). Thus, the standard error of 4 can be obtained as the
square root of the diagonal elements of 1 A~1(4)B(4)A (%), where A(4) and B(¥) are the plug-in

estimators of A and B, respectively.

4.2 Estimation under heteroskedasticity

In this subsection, we consider the quasi-maximum likelihood estimation of the MESS(1,1) under
the assumption of heteroskedastic error terms. Let X be the variance covariance matrix of the error
2

terms, i.e., ¥ = Diag(c?,...,02), the diagonal matrix formed by o2’s. The score functions of the

quasi likelihood function evaluated at ~g are given by

B: —2X My,
=1 A: 2V MW (X[ + e PoMV) |
p: 2V'MV.

The expectation of the score functions with respect to 3 and p at 7 are zero by Lemma 2 in Appendix
A. However, the expectation of the score function with respect to A at g is tr(WX). By Lemma 1
in Appendix A, the order of this term is O(n) under the assumption that W and M are bounded in
matrix column sum and row sum norms. Hence, the QMLE 4 may not be consistent. However, when
W and M commute, we have W = W, yielding tr(WX) = 0. Hence, when W and M commute,
the QMLE of MESS(1,1) may remain consistent under the assumption of heteroskedastic disturbance

terms.

The consistency and asymptotic normality of the QMLE 4 can be proved similarly to the

homoskedastic case. Let D = E (—%%) and F = Var (ﬁ %ﬁ?o)) Using Lemma 2 in Appendix

11



A, we obtain

(ePMX)" (ePMX) x ]
D=-"1| — (WerMX3) enMX Dy, " ,
0 r(MSWE)  tr (M*ME)
2 (ePMX)' 33 (erMX) * .
F=—f -2 (EWepoMXBo)lepoMX F * ’
0 tr (SMPEW?)  tr (EM*EM?)

where

Dy = tr (W'WE) + (We™MX 3,) (We™MX ) |
Fy = tr (SW'SW?) + 2 (We™MX 3,) = (Wer™MX3,) .

Then, it can be shown that

Vi — ) & N(o, lim D*IFDfl). (4.7)

n—o0

For inference, the standard error of 4 can be obtained as the square root of the diagonal elements
of LD71(4)F(¥)D (%), where D(%) and F(¥) are the plug-in estimators of D and F, respectively.
Also, note that D and F involve the unknown diagonal matrix ¥. As in White (1980), the terms
involving 3 can be consistently estimated by replacing 3 with 3 = Diag (v3(%),...,vi(¥)), where

v; (%) is the ith element of V(%).

5 Me-estimation approach

In this section, we study the consistent estimation of the MESS model under heteroskedasticity. Since
the content of this section is new and has not been explored in previous literature, we present formal
results along with the necessary assumptions. Under heteroskedasticity, when W and M do not
commute, we can use the M-estimation method to formulate a consistent estimator of « based on the

adjusted score functions. We denote V(3,¢) = e (e*WY — X3) and V = V(B0,¢y). Then, the

12



score functions based on (4.1) can be determined as?

X'ePMV(3,0),
S(B,0)=4 A: -Y MWW MV, (), (5.1)
p: =V (B,O)MV(B,Q).

The essential reason why the QMLE is not consistent is plim,, _)OO%S (70) # 0. In the case of the score
functions with respect to 8 and p, we have E(X e?*M'V) = 0, and E(V'MV) = tr(3M) = 0 because
3 is a diagonal matrix and M has zero diagonal elements. In the case of the score function with

respect to A, we have

E(Y MWW oMy = B(Y oW oM =MWy oroM'y) — (Y MW eroeM ')

= E(VWV) = tr(ZW). (5.2)

If W and M commute, i.e., WM = MW, then we have W = W, which yields tr(ZW) = tr(XW) = 0.

Thus, when the commutative property holds, we have plim, _,OO%S (70) = 0, suggesting that the

QMLE can be consistent under heteroskedasticity. However, if WM # MW | then we have tr(XW) =
O(n) and plim,, %OO%S (70) # 0 in general, indicating that the QMLE may not be consistent under
heteroskedasticity. We will adjust the score function with respect to A so that plim, _)oo%S (70) =0

holds in all cases.

To adjust the score function with respect to A\, we use the trace property tr(DA) = tr(D Diag(A)),
where D is an n x n diagonal matrix and A is a conformable matrix. Using this property, we can

express B(Y e}0W'W'eroM'V) ag

E(Y MWW ereM'v) = B(Y W MW V) = tr(ZW) = tr(X Diag(W))

= E(V Diag(W)V) = E(Y W e?M Diag(W)V). (5.3)
Then, subtracting the last term from the second term in (5.3), we obtain

E(Y oW eroMyw'v) — (Y W ePM Diag(W)V) = 0

— E(Y WV erMywLv) =0, (5.4)

where Wp = W —Diag(W). Thus, we suggest using the sample counter part of E(Y e*0W' eroM'yy, V)

as the adjusted score function with respect to A. Then, the adjusted score functions take the following

2Under heteroskedasticity, there is no score function with respect to o. Our aim is to construct adjusted score
functions such that E (S(8o, o)) = 0.
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form:

B: Xe™MV(B,Q),
S*(y) =9 A: =Y MW erMWL(p)V(B,C), (5.5)

p: =V (B,OMV(B,),

where Wp(p) = W(p) — Diag(W(p)) and W(p) = e"MWe M. Note that E (S*(70)) = 0 holds by

construction. We first derive the estimator of 3y for a given ¢ value, which is given by

Bu(¢) = (X ePM ePMX)~IX PM PMAW Y (5.6)

Then, substituting By/(¢) into the A and p elements of (5.5), we obtain the concentrated adjusted

score functions as

SC*(C) _ A _Y,e)\w ele WD(ﬁ)V<C)7 (57)
p: =V (OMV(C),

where V(¢) = V(8x(¢),¢). Then, the M-estimator (ME) of ¢ is defined by
¢ = argsolve{S¢*(¢) = 0}. (5.8)

Substituting s into (5.6), we get the M-estimator for 3 as B = BM(éM) To prove the consistency
of Ay = (B}w, é}w)/, we only need to prove the consistency of ¢y since By = BM(éM) To that end,
we let S*(83,¢) = E(S*(8,¢)) be the population counterpart of the adjusted score functions in (5.5).
Given ¢, we can write By(¢) = (X &M eMX)~1X'ePM ePMAW B(Y) | which can be substituted into

the A and p elements of S*(3,¢) to obtain

A =B (YW MWL V(Q)),

TO=1, e (VemMv(©).

(5.9)

where V(¢) = V(Bax(¢),¢). The uniform convergence supgea Ls*e(¢) = 5*(¢)|| 25 0 and As-

sumption 6 in Appendix B ensure the consistency of é M-

Theorem 5.1. Under Assumptions 2-6 stated in Appendiz B, we have s 2, Yo-
Proof. See Section C.1 in the Appendix. O

To derive the asymptotic distribution of 4;, we apply the mean value theorem to S*(4;7) = 0 at

n a—y’
By substituting the reduced form Y = e ?oW (Xﬂo + e‘poMV) into S*(v0), we obtain a linear-

e\ —1
~o, to obtain v/n(ya —y0) = — (las (7)> ﬁS*('yo), where 7 lies between ~y and 4, elementwise.
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quadratic form in V:

X' epoM'y
S*(v) =19 A: —BX erPMWpV - VW)V, (5.10)
p: —V'MV,

where Wp = Wp(pp). Thus, the CLT for the linear-quadratic forms of V in Lemma 4 of the Appendix

can be used to establish the asymptotic normality of ﬁS* (70). Also, our assumptions ensure that
105°(%) _1 g (85*(‘)’0)

n 87/ n 87/
in Theorem 5.2.

) = 0p(1). Using these results, we determine the asymptotic distribution of 4/

Theorem 5.2. Under Assumptions 2-6 stated in Appendix B, we have

N d . — -1
Vi = 7o) =5 N (0, Tim 97 (30)2(0) 2" (%)) . (5.11)
where ®(vy) = —LE (85 (70)) and Q(vyp) = Var (ﬁS*(’y@) are assumed to exist and ¥(vyp) is

assumed to be positive definite for sufficiently large n.
Proof. See Section C.2 in the Appendix. O

To conduct inference, we need consistent estimators of W(~y) and 2(7y). For ¥(~y), we can

_1098%(
no Oy

use its observed counterpart given by W (47) = |"/ 4a- The elements of W(v) are given by

Tasl) = X MK, Ty () = X MY(Q),
(1) = — X MMV(B,Q), Wagly) = Y AWM W () MX,
Taa(1) = Y (W V(B, Q)+ Y W M Wp ()Y (),

W) = Y OV MM W) V(B,¢) + - ¥ W M T (5)V(5,¢)
Ly W (8,0

n

yp(1) = Uy (), Wpr(r) = ¥ (OMOV(B,€),

¥,,(v) = LV (8.0)MMV(3,0),

where Wp(p) = f’Waf;)(P) = MW p(p)—Wp(p)M—Diag (MW p(p) — Wp(p)M) and Y (¢) = e’ MWeAWVY.

In the proof of Theorem 5.2, we show that W(4y/) is a consistent estimator of ¥(~p). Using Lemma
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2 in the Appendix, we determined the closed form of €(7y) as

1X'eroM'sepo MY —LX croM SRy e MX 3, Okx1
Q) = * 32 Ly(=wpzMm®) |,
% * Lir(ZMEM?)

where Q99 = %,B(I)X,epoM/WDEW,DepoMXﬁO + %tr(ZWDEW%). Let ©2(4as) be the plug-in estimator

of Q(7p), where we replace ¥ with 3 = Diag (vE(4),...,v2(¥)) and v;(Yar) is the ith element of

V(ym)-

Theorem 5.3. Under Assumptions 2-6 stated in Appendiz B, we have Q(Yr) = Q(v0) + 0p(1).
Proof. See Section C.3 in the Appendix. O

Thus, the standard error of 43, can be obtained as the square root of the diagonal elements of

L1 (50T Y ().

6 GMM estimation approach

In this section, we consider the GMM estimation of the MESS model, which can be more efficient
than the QML estimation for either the homoskedastic case or the heteroskedastic case (Debarsy

et al., 2015).

6.1 Estimation under homoskedasticity

In this subsection, we consider the GMM estimation of the MESS(1,1) model under Assumption 1.
Recall again from the definition of MESS(1,1) that V() = e®M(e*WY —X3), where v = (8',¢') and
¢=(\ p)’. We consider the following vector of moment functions consisting of k, quadratic moments

and ky linear moments:

(VPIVA),.... V()P V(7). V(9F) .

where P,,’s are n x n matrices of constants with tr(P,,) = 0 for m = 1,...,k,, and F is the n x kf
matrix of instrumental variables (IV). Given an arbitrary symmetric weighting matrix ®, the GMM

objective function is given by ¢’ (7)®g(v). Then, an initial GMME (IGMME) can be obtained by

¥ = arg min g ()®g(v). (6.1)
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Define G = E (%‘7}))) and H = nE (9 (70) ¢’ (70)). Let vec(A) denote the column vector formed by
stacking the columns of matrix A and recall that vecp(A) denotes the column vector formed by the

diagonal elements of the matrix A. Then, by Lemma 2 in Appendix A, we obtain

4 ! / /
H— l %Ow w + % (,u4 - 3061) w, Wy %,ugwdF
n %,ugF,wd o2F'F
and
a5 s ag s
G 1 0 Hw' vec (W?)  Lw vec (M)
n\ _FeoMX FwWenMXg, 0 ’
where w = (vec(P7),. .. ,Vec(Pzp)) and wg = (vecp(PY), ... ,vecD(Pzp)).

The large sample properties of the IGMME 4 can be established under some regularity condi-
tions. For consistency, the necessary conditions are identification of «p from the population moments
and the uniform stochastic convergence of the generalized method of moments objective function to
its population counterpart. For the asymptotic normality of 4, the central limit theorem for linear and
quadratic forms can be utilized.? The asymptotic distribution of 4 can be derived by applying the mean
value theorem to agcf;,(j) ®g(4) = 0 at 49 to get /n(¥ — ) = — <agcf;,(7)<l>agﬁ(7)> agal,(j)@\/ﬁg(*yo),
where 4 lies between 4 and =g elementwise. Then, the asymptotic distribution of /n(5—-p) follows by

applying the CLT in Lemma 4 in the Appendix to v/ng(7) and showing that ag‘(j) —-E (8?9 (77,0)) = op(1).

Thus, we have

V(=) % N (0, lim (G'@G)‘lG/cI)H@G(G/'I)G)‘l) . (6.2)

n—oo

From the expression for the variance-covariance matrix of IGMME, we can see that the precision of the
estimator can be improved by replacing the arbitrary weighing matrix ® in the objective function with
H~!. The resulting GMME is called the optimal GMME (Hansen, 1982). However, this estimator
is not feasible as H™! is unknown. To make it feasible, a plug-in estimator H = H(¥) based on the

initial GMME 4 can be formulated. Then, the feasible optimal GMME is defined by

4, = argmin g (v)H ' g(). (6.3)
Yy

Under some conditions, Debarsy et al. (2015) show that

Vi (Fo —0) 5 N (0, lim (G’H*G)*l) . (6.4)

n—oo

3The low level assumptions guaranteeing the large sample properties are provided in Debarsy et al. (2015).

17



Debarsy et al. (2015) determine the best set of moment functions that provide the most efficient GMME
for the MESS(1,1) under homoskedasticity. Their idea is to decompose the components of the inverse of
the variance-covariance matrix of the optimal GMME, and then use the Cauchy-Schwarz inequality in
such a way that an upper bound on the inverse of the variance-covariance matrix that is free of arbitrary
pieces of the moment functions (free of P;’s and F) can be attained. The resulting GMME is termed
as the best GMME (BGMME). When the disturbance terms are normally distributed, the BGMME
turns out to be asymptotically as efficient as the QMLE. However, when the disturbance terms are
not normally distributed, and W and M do not commute, the BGMME can be asymptotically more
efficient than the QMLE. The best set of moment functions is

/

(V' (PIVE),. . V)PL V),V ()F) (6.5)

S

g (v) =

where P} = W, P} = Diag(W), P} = Diag(e®®MWXp))®), P; = M, P}, , = Diag(e”MX,,)® for
m=1,...k* and F* = (F},F}, F3, F}) with F} = ePoMX* Fj = et MWX Gy, F = 1, F} = vecp(W),
where X* excludes the intercept term in X if M is row-normalized so that F] does not contain the
intercept term generated in e”°MX, k* is the number of columns in X*, A® = A —I,tr(A)/n for any

n X n matrix A and I is an n X 1 vector of ones.

6.2 Estimation under heteroskedasticity

In this subsection, we consider the GMM estimation of MESS(1,1) under Assumption 2. Recall that

3 denotes the variance-covariance matrix of the error terms, i.e., ¥ = Diag(c?,...,02). Similar to
the homoskedastic case, we again employ the following vector of moment functions consisting of k,

quadratic moment functions and ky linear moment functions:

/ !

9() = = (V()P1V(y),...,.V (¥)P,, V(7),V (7)F)"

At ~p, we have E (V'PmV) = tr (P,,X) = tr (X Diag(P;)), which is equal to zero if the diagonal
elements of P,,, are zeros. Hence, in the heteroskedastic case, we require that the diagonal elements of
P,, are zeros, i.e., Diag(P,,) = 0 for m = 1,2,...,k,. Then, an initial GMME based on an arbitrary

symmetric weighting matrix ®, with rank greater than or equal to k + 2, can be defined as

4 = argmin g'(v)®g(~). (6.6)
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Let G =E (%’7,")) and H =nE (g (70) ¢’ (7)). By Lemma 2 in Appendix A, we can show that

and

a_l 0 tw'vee (ZV2 (271W)° B1/2) 1w vec (B1/2 (Z71M)" ©1/2)
n\ —FeoMX F We™oMX g, 0

where w = vec(TV/2P5EY2 .. 21/2P2p21/2). It follows again that
V(5 =) SN (0, lim (G’<I>G)—1G’q>Hq>G(G’<bG)—1) . (6.7)
n oo

Note that G and H involve the unknown diagonal matrix 3. These terms can be consistently estimated

by replacing ¥ with Diag(vi(¥),...,v2(%)). Let H be the plug-in estimator of H based on the initial

ren

GMME 4. Then, a feasible optimal robust GMME (RGMME) can be obtained as

Yo = argmin g (v)H 'g(). (6.8)
It can be shown that
Vi (o = 0) 5 N (0, Tim (G'H'G)™). (6.9)
n—oo

In the heteroskedastic case, the best set of moment functions is not feasible because the moment func-
tions involve the unknown 3, which cannot be consistently estimated. In practice, we can formulate

the RGMME based on the following vector of moment functions (Debarsy et al., 2015):

/

g°(v) = — (V' (%) (W = Diag(W)) V(7). V/()MV(7), V'(7)F) . (6.10)

S|

where F = (We™X g3, ¢™X) with W = ¢ MW= ™,

7 Bayesian estimation approach

In this section, we provide a comprehensive review of Bayesian estimation methods for the MESS model
under both homoskedastic and heteroskedastic errors (LeSage and Pace, 2007, 2009; Yang et al., 2021;
Dogan et al., 2023).
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7.1 Estimation under homoskedasticity

Following LeSage and Pace (2007), we assume the following independent prior distributions: A ~
N(ux, V), p ~ N(pp,V,), B ~ N(pg, Vg), and 0 ~ IG(a,b), where IG denotes the inverse-gamma

distribution. Under these prior distributions, the posterior distribution of parameters can be expressed

as4

p(8Y) x p(Y|0)p(8) = p(Y|0)p(B)p(c*)p(N)p(p),

where p(8) is the joint prior distribution of 8 = (8,02, ), p)" and p(Y|8) is the likelihood function

given as

p(Y]0) = (2m02) "% exp (%;(BAWY —XB) MM PM(AWY XB)) .

Algorithm 1 describes a Gibbs sampler that can be used to generate random draws from p(0|Y).

Algorithm 1 (Estimation of (2.1) under homoskedasticity).

1. Sampling step for 3:
BIY. A p,0% ~ N(B,Kp),

where Kg = (VB1 + 072X eMM ePMX) 1 gnd B = Kg(02X ePM ePMAWY | Vglpﬂ).

2. Sampling step for o:
o*[Y, A, p, B~ IG(6% K,2),

where 6> =a+ % and K,2 = b+ 3(e*WY — X,B),epM/ ePM(AWY — X3).

3. Sampling step for \:

p(\[Y, B, p,0?)

1 ’ 4
X exp (—2 (a*Q(e)‘WY - XB) ™M M (AVY — XB3) + V(N - 2,u/\)\))> .
Generate a candidate value X" according to

Amew — zeld ey 5 N(0,1),

4We use p(-) to denote the relevant density functions, and ignore X in the conditional sets for the sake of simplicity.
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5

where cy is a tuning parameter.” Then, accept the candidate value A" with probability

P(Anew Aold) — min (1 p()\new‘Y“8’0_27p)> )

" p(AHMY, B, 02, p)

4. Sampling step for p:

p(p|Y, B, ), %)

1 / ’
X exp (—2 (O'_2(6)\WY —XB) M PM(AWY — X3) + Vp_l(p2 - 2,upp))) :

Use the random-walk Metropolis-Hastings algorithm described in Step 3 to generate random draws

from p(p|Y, B, A, o).

In Algorithm 1, the conditional posterior distributions of 3 and o2 are determined from p(8|Y, A, p, 02) o
p(Y|0)p(B) and p(c?|Y, A, p, B) o< p(Y|0)p(c?), respectively. Since we assume conjugate priors for
B and o2, these conditional posterior distributions take known forms as shown in Algorithm 1. The
Bayesian argument used to determine these conditional posterior distributions is analogous to the one
used for a linear regression model. On the other hand, the conditional posterior distributions of spatial
parameters are non-standard because the likelihood function is non-linear in terms of these parame-
ters. To sample these parameters, we use the random walk Metropolis-Hastings algorithm suggested

by LeSage and Pace (2009).

7.2 Estimation under heteroskedasticity

Following Lesage (1997) and LeSage and Pace (2009), we assume that the disturbance terms have a
scale mixture of normal distributions such that the scale mixture variables generate different distribu-
tions with distinct variance terms. Thus, we have v;|n; ~ N(0,7;02), where 1;’s are independent scale
mixture variables with n; ~ IG(v/2,v/2) for i = 1,...,n. Let 8 = (,6/702, A p, V)l, n=n,.. .,nn)/,
and H(n) = Diag (n1,...,m,) be the n x n diagonal matrix with the ith diagonal element 7;. Then,

we can derive the conditional likelihood function p(Y10,n) as

n —1/2
p(Y|0,n) = (2m0”) "/ (H m) (7.1)
i=1
X exp (—%iz (eAWY — X,@)l epM,Hfl(n)epM <e)‘WY — X,@)) .

To introduce a Bayesian estimation approach, we adopt the prior distributions assumed in Section

6.1 for B, X, p, and o2. In the heteroskedastic case, we also need to determine a prior distribution

®The tuning parameter is determined during the estimation such that the acceptance rate falls between 40% and 60%
(LeSage and Pace, 2009).
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for v. To that end, we note that the marginal distribution of v; is a t distribution with mean zero,
scale parameter o and v degrees of freedom, i.e., v; ~ t,(0,02). Thus, we assume the following prior
v ~ Uniform(2, 7), where Uniform(a,b) denotes the uniform distribution over the interval (a,b), and
v is a known positive number. This prior distribution ensures that the variance of v; exists because
v > 2. Also, we can set 7 to a large positive number so that the ¢ distribution is allowed to approximate

the normal distribution well-enough.

The posterior distribution of parameters then takes the following form:

p(0,m|Y) o< p(Y|6,7)p(0,m) = p(Y|0,m)p(B)p(c*)p(\)p(p)p(n|v)p(v),

where p(Y|0,m) is the conditional likelihood function stated in (7.1) and p(@,n) is the joint prior
distribution of @ and n. Algorithm 2 describes a Gibbs sampler that can be used to generate random

draws from p(0,n|Y).

Algorithm 2 (Estimation of (2.1) under heteroskedasticity).

1. Sampling step for B:
BIY. A, p,0%m ~ N(B.Kp),

where K = (V' + 02X e™ H~(n)e™X) 1, H(n) = Diag(n, .. n:) and
:é — K,B(O.—QX’epM/H_l(,rl)epMe)\WY + Vgluﬂ)

2. Sampling step for o:
o*[Y, A, p, B, ~ 1G(6°, K,2),

where 6% =a+ % and K,2 = b+ 3(e*WY — X,B)’epM/H_l(n)epM(e’\WY - Xp).

3. Sampling step for \:

p(\[Y,B,p,0%n)

X exp (—; (a_Q(e)‘WY - X,B)le"’M,H_l(n)e”M(e)‘WY ~XB)+V, 1\ - 2,u/\)\))> .

Use the random-walk Metropolis-Hastings algorithm described in Step 3 of Algorithm 1 to sample

this parameter.
4. Sampling step for p:
p(plY, B, A, 0%, m)

1 ’ !
X exp <—2 (0'72(6/\WY —XB) M PM(AWY — X3) + V;l(p2 - 2/J,pp)>> .
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Use the random-walk Metropolis-Hastings algorithm described in Step 3 of Algorithm 1 to gen-
erate random draws from p(p|Y, 3, \,0%,n).

5. Sampling step for n:

v+1 v Y(y)
2 72 202

Ui’Y,)\,,O,,B,O’Q,VNIG( ) fOT 1=1,2,...,n,

where Y;(v) is the ith element of Y (v) = e™ (eAWY — X3).
6. Sampling step for v:
n —(5+1) n
(V/z)m//2 ' v
p(”"?) x F"(u/2) E i exp ; 27% .

Use the Griddy-Gibbs sampler to sample this parameter.

The conditional posterior distributions of 3, 1, and o2 take known forms as shown in Algo-
rithm 2. In the case of spatial parameters, we again resort to the random walk Metropolis-Hastings
algorithm suggested by LeSage and Pace (2009). The conditional posterior distribution of v is deter-
mined from p(v|Y, 3,1, )\, p,0%) = p(v|n) < p(n|v)p(v). However, this distribution does not take a
known form. Since v has support over (2,7), we suggest using a Griddy-Gibbs sampler to sample this

parameter. Algorithm 3 describes this Griddy-Gibbs sampler.

Algorithm 3 (The Griddy-Gibbs sampler for v).
1. Construct a grid of points vy, ..., vy from the interval (2,7).
2. Compute p; = Z;le(yj|n) fori=1,...,m, and generate u from Uniform(0,1).

3. Determine the smallest k such that pr, > u and return v = vy.

8 Estimation in the presence of endogenous and Durbin regressors

The preceding sections consider a regression model with spatial dependence specified by the MESS,
where no endogenous regressors are included. In this section, we consider a MESS model with en-
dogenous and Durbin regressors. The popular nonlinear two-stage least squares (N2SLS) estimation

method in such a setting can have some irregular features (Jin and Lee, 2018).

Consider the following model:

POWVY = X*B1g + WiBa + WX, 850 + ZBuso + V, (8.1)
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where [ is an n x 1 vector of ones, X excludes the intercept term from the exogenous variable matrix
X, Z is an n X k, matrix of endogenous regressors, and X* = X = [l, X;] if W is not row-normalized
to have row sums equal to one, and X* = X; otherwise. The B19, B20, B30 and B4 are conformable
true parameters, and W, Y and V have the same meanings as those in (2.1). The Durbin regressors
WX are neighbors’ characteristics and capture exogenous externalities. When W is row-normalized,
WI =1 is the intercept term; when W is not row-normalized, WI is also a Durbin regressor. In
particular, if W is not row-normalized and has binary elements, W1 is a vector of out-degrees that
measure the overall numbers of links for each spatial unit. Model (8.1) includes Durbin regressors
explicitly since the MESS structure and the Durbin regressors lead to some irregular features of the
N2SLS estimator. Model (2.1) has not considered Durbin regressors explicitly but can allow for that,
where the theoretical analysis will not be affected although the related expressions for estimators need
to be modified accordingly. To focus on the N2SLS estimation, a MESS process for the disturbances

is not considered in (8.1).°

Let F be an n x ky full rank IV matrix for the N2SLS estimation, where &y is not smaller than
the total number of parameters in ¢ = (A, @) with 3 = (,8,1, Bo, ﬂé, B;)/. For example, F can be the
matrix formed by the independent columns of [I, X, WI, WX, W2l, W2X, Z], where Z is the IV
matrix for Z.” Assume that the elements of V are independent conditional on F but can have different
conditional variances so that ¥ = E(VV'|F) is a diagonal matrix of conditional variances. Denote
D = [X*,WI,WX;,Z] and II = F'SF. The infeasible N2SLS estimation, as if 3 were known, has
the objective function

Q(¢) = (VY — D) FII 'F (¢*WY — D3). (8.2)

The N2SLS estimator ¢ derived by minimizing Q(¢) is consistent under regularity conditions.
Let & = (8,,32) and & = (B3,8;) when W is row-normalized, and let § = B; and & =

(B2,85,8)) when W is not row-normalized. Then, £ contains the coefficients for the Durbin and
endogenous regressors. When &; # 0, all components of (],’; are y/n-consistent and (],’; has the asymptotic
distribution

Jn(d — o) S N(O, lim {1 E[(—~WD#y, D)F|II"! E[F'(—~WD§3,, D)]}_1>. (8.3)

n—oo LN

However, some components of (],’; have a rate of convergence slower than y/n and are not asymptotically
normal in the case that & = 0, i.e., the Durbin and endogenous regressors are irrelevant, which is

unknown when estimation is considered.

STf there is a MESS process for the disturbances, then as in Jin and Wang (2022), the GMM estimation with both
linear and quadratic moments can be considered, since instrumental variables alone are not enough to identify parameters
for the disturbance process.

"If W is row-normalized, then W1 and W?2[ are redundant.
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When &y = 0, we have

1 9Q(¢0) +L3Q(¢o)
v OA vn 0B

(015k+, 020, 810, 015k, )" = 0p(1),

where £* is the number of columns in X*, do¢ is the last element of §g and d1g contains the remaining

elements. Thus, ﬁa%f\bo) and ﬁ%ﬁo) are linearly dependent with probability approaching one

2
(w.p.a.l.). As a result, %%% is singular w.p.a.1. In addition, we can show that %88%‘39)

is also singular for large n. Hence, the usual method of deriving the asymptotic distribution of an

estimator based on the mean value theorem expansion of the first order condition will not work.

The asymptotic distribution of (ﬁ in the case with &y = 0 can be derived by first reparameterizing
the model so that the derivative of the new N2SLS objective function with respect to a new parameter
is exactly zero and then investigating a third order Taylor expansion of the first order condition at
the true parameter vector. Let IT = E(ITI), k4 be the number of columns in D, J be a random vector

that follows the normal distribution N (0, A), where

: 2.0 1 2 ITr—1 / 2 -1(2 0
A = lim (f E[(—- W2Xdy, D) F|II ' E[F/(—-W XJU,D)]) ,
nooo \oop,, )\ 0 I,

and L = Jp — lim, o [2 E(D'F)II" E(F'D)] 'L E(D'F)II ! E(F'W?2X)d(J;, where J; is the first
element of J and Js contains the remaining elements of J. Then, in the case with &y = 0, the N2SLS

estimator ¢ = (), ,[9’1, B, ,ég, Bﬁl)’ has the asymptotic distribution

nt/4(A = \) (-1)B0y/?
n'/2(B1 — Bio) Joz+ !
24 By — Bao) | L | (=1)Bos g% | 1(J1 > 0) + Lo I(J; <0), (8.4)
nt/4(Bs — Bso) (~1)P810{"° Uit
n'/2(B4 — Buo) J2z b

where I(-) denotes the indicator function, Jo, and L.+ are vectors consisting of the first £* elements of
Jo and L respectively, Jo, and L, are vectors consisting of the last k, elements of Jo and L respectively,
and B is a Bernoulli random variable with success probability described in Jin and Lee (2018). Thus,
only Bl and 64 are y/n-consistent, and the remaining components of gf) have a slow rate n'/4 of
convergence and follow non-standard asymptotic distributions.

The above N2SLS estimator is an infeasible estimator as IT is unknown. A feasible N2SLS
estimator can be derived as follows. We may first derive an initial consistent but inefficient N2SLS
estimator, e.g., the minimizer ¢ of (e*WY — DB)'F(F'F)"'F/(e*"WY — D), and then consider the
feasible N2SLS estimation with the objective function Q(¢) = (e"WY — DA3)'F(F'SF) 'F/(e*VY —
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Dg), where 3 = Diag(¢2,---,2) with @; the ith element of e*WY — D3. The feasible N2SLS

estimator g5 has the same asymptotic distribution as the infeasible estimator (f)

As &y = 0 and &y # 0 lead to different asymptotic distributions of é, Jin and Lee (2018) propose
several tests for the hypothesis that & = 0. Depending on whether &; = 0 is rejected or not, inference
can be based on (8.3) or (8.4). Consider the case with &y # 0 as an example. By (8.3), the variance of
@ can be estimated by [(~-WDg3, D)'F(F'SF)"'F/(~WDg,D)]"!, where ¥ = Diag(¢?, - - - ,92) with
#; the ith element of WY — Dg.

An interesting alternative estimation method is the adaptive group LASSO (AGLASSO), which
can implement model selection and estimation simultaneously. The resulting estimator has the oracle
properties (Fan and Li, 2001), so that the true model can be selected w.p.a.l. and the estimator
always has the /n-rate of convergence and asymptotic normal distribution. The AGLASSO objective

function to be minimized is

Q(¢) + an €]l (8.5)

S|~

where o, is a tuning parameter that is positive and converges to zero, € is an initial consistent
estimator, and p is some positive number such as 1 or 2. Under regularity conditions, the AGLASSO
estimator d) is consistent. In the case that &y = 0, the probability that £=0 goes to one as n goes
to infinity, that is, q’) has the sparsity property, and for the remaining parameters ¥ = (X, d’), the

AGLASSO estimator has an asymptotic normal distribution as if £y were known:
. 1 _ _
Vit —9o) % N (0, lim ~{E[(—~WX6y, X)'FIII~" E[F'(~WX3,X)]} ).

in the case that £y # 0, under the condition that «,, = o(nfl/ 2) and other regularity conditions, ¢ has
the same asymptotic normal distribution as that stated in (8.3). Similar to the variance estimation of ¢,
the variance of 4 for the case with £y = 0 can be estimated by [(—WX4, X)'F(F'SF)~'F/(-WX4, X)] !,
where 3 is defined similarly to 3.

A practical question for the AGLASSO estimator is the selection of the tuning parameter a,.
We can use an information criterion to choose «,,. To make the dependence of ¢ on «, explicit, denote
the minimizer of 2Q(¢) + /€|l *||€]| by ¢a. Correspondingly, the AGLASSO estimator of £ is &,.
Consider the following information criterion:

ha(@) = ~Q(da) = 1(€a = 0)Ty,

where I',, > 0 satisfies I';, — 0 and nl/zfn — 00 as n — oo. For example, we may take I', = O(n_1/4).

The tuning parameter chosen by minimizing h,(«) can achieve model selection consistency.

The Monte Carlo results presented in Jin and Lee (2018) show that the N2SLS and AGLASSO
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estimators have similar performance in the regular case with & # 0, but the AGLASSO estimator
performs significantly better in the irregular case with & = 0. Thus, we suggest the use of the

AGLASSO estimator.

9 Impact measures

In empirical applications, practitioners are often interested in quantifying the marginal effect of an
explanatory variable on an outcome variable. In spatial econometric models, due to transmission
channels, calculation of marginal effects and their interpretation become less straightforward. In
this section, we review the summary measures suggested in the literature for the interpretation and

presentation of marginal effects in a MESS(1,1) model.

From the model definition in (2.1), the marginal effect of a change in the kth explanatory variable
X on E(Y) is given by e W gy, where By, is the kth element of the true coefficient vector By. LeSage
and Pace (2009) propose three scalar measures for the marginal effect to ease the interpretation and

presentation of this marginal effect:

1. Average Direct Impact (ADI): 2tr(e=*W g,),
2. Average Indirect Impact (AII): % (ﬂ%l’e_’\owl - tr(e_’\owﬁ()k)),

3. Average Total Impact (ATI): %ngl’e*Aowl.

The ADI, AII and ATI are, respectively, the average of the main diagonal elements of e W 3., the
average of the off-diagonal elements of e *W gy, and the average of all the elements of e W By;. In
empirical studies, the ADI, ATI, and AII can be interpreted as the average own response, the average

total response, and the average others’ response of Y to a change in Xy, respectively.

There are alternative ways that can be used to determine the dispersion of these scalar impact
measures (Arbia et al., 2020). In the Bayesian estimation approach, a sequence of random draws for
each impact measure can be obtained by using the posterior draws. Then, the mean and the standard
deviation calculated from each sequence of impact measures can be used for inference.

In the classical estimation approaches, the delta method can be used to determine the asymptotic

distributions of impact measure estimators. Applying the mean value theorem to ADI estimator

%tr(e*xwﬁk) yields

(tr(e W hp) — tre W 5oy) ) = jﬁ (—tr(e™WWB)(A = Xo) + tr(e W) (B — Bor) ) + 0p(1)

= A x V(A= o, B = Bor) +0,(1) 5 N (0, lim ABA}),

1
vn
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where A; = (—%tr(e*/\oww&]k), %tr(e*)‘ow)) and B is the asymptotic covariance of \/ﬁ(S\ — o, B —
Bok)- Thus, we can estimate the asymptotic variance of the direct impact as %AﬂgA;, where A =
<—%tr(e‘5‘WWﬁAk), %tr(e‘j‘w)>, and B is the estimated asymptotic covariance of \/ﬁ(j\—)\o, Bk—ﬁOk)-

Applying the mean value theorem to ATI estimator % 3kl’ e AW , we obtain

1 o/a s ) ) , |
7n <6kl’e*)\Wl — Bokl/eﬂowl) = A x v/n(A— Ao, Bk — Bok) + 0p(1) 4, N(O, nlinéo AgBA2),
where Ay = (=18, /e WWI, Ll/e=W[)  Thus, Var(%ﬁkl’e_j‘wl) can be estimated by %AQEA'%
where Ay = (_%Bklle_j‘WWl, %l’e‘j‘wl)_

Finally, applying the mean value theorem to the estimator of AIl, we obtain

\/1% ((Bklle_xwl - tr(e_XWBk)) - (BOklle_j\Owl - tf(e_xowﬁok)»
= (As — Ay) x V(A= Xo, B — Box) + 0p(1) % N(o, lim (A — Ap)B(Ay — Al)’).

n—oo

Then, an estimate of Var (% (Bkl’e_;\wl - tr(e‘j‘wﬁkz))> is given by %(A2 —A)B(A;—A)).
To illustrate these summary impact measures, we consider two examples. The first example
follows from the empirical application in Debarsy et al. (2015). They consider a modified gravity

equation for explaining Belgium’s outward FDI, which takes the following form:

eAWLFDI = fyl, + /1 LGDP + $,LPOP + 330ECD + 4LDIS + 85MP + U,
ePVU =V, (9.1)

where LFDI is the n x 1 vector of the logarithm of Belgium’s outward FDI stock to host countries,
LGDP is the n x 1 vector of the logarithm of host countries” GDPs, LPOP is the n x 1 vector of
the logarithm of host countries’ populations, OECD is a dummy variable indicating whether the host
country is an OECD country, LDIS is the n x 1 vector of the logarithm of bilateral distance between
Belgium and host countries, and the last variable MP is the surrounding-market potential variable
constructed by following Blonigen et al. (2007). The sample data is described in detail in Debarsy
et al. (2015) and includes data on Belgium’s outward FDI stock in 35 host countries in 2009, which
constitute 94% of Belgium’s total outward FDI stock. The estimation results reported in Table 7
of Debarsy et al. (2015) are included here as Table 1 for easy reference. The results show that the
QMLE and the GMME produce almost identical point estimates: the estimates of Ao, 520, 530, B40
and [so are statistically significant and have expected signs while the estimates of Bggp and pg are
statistically insignificant. Since the estimate of A\g is negative and statistically significant, Debarsy

et al. (2015) conclude that the vertical FDI mode is the dominant type of outward FDI for Belgium.
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They also estimate the SARAR(1,1) version of (9.1) by both the QMLE and the GMME. Note that
these estimates of spatial parameters are not directly comparable between MESS and SAR. However,
when the spatial weights matrix is row normalized, Debarsy et al. (2015) suggest a relation using ATI:
AsAar = 1 — e MESS for the spatial parameter A in Y. In this respect, the positive estimates for Agagr in
columns (2), (3), (5) and (6) and negative estimates for Aygss in columns (1) and (3) are compatible
with this relation.

Table 1: Estimation results for the outward FDI example

(1) (2) (3) (4) (5) (6)

Constant 7.005 5.094 5.383 6.350 5.094 5.383
(6.039) (5.951) (5.972) (5.316) (5.503) (5.475)
LGDP 1.087" 1107 1104 1.0897 11077 1.103™

(0.240) (0.249) (0.248) (0.221) (0.243) (0.241)
LPOP —0.579""  —0.576" —0.578""  —0.575° —0.576 —0.578"""

(0.241) (0.249) (0.249) (0.241) (0.254) (0.252)
OECD 1.064" 1.061" 1.052" 1.115" 1.061" 1.051"

(0.549) (0.557) (0.559) (0.592) (0.615) (0.616)

*%kk k3kk *kk k3kk

LDIS —1.234 —1.164 —1.172""  —1.2117"  —1.164 —1.172
(0.238) (0.219) (0.221) (0.224) (0.203) (0.204)

MP 1.062 1.080 1.049 1.101 1.080 1.049
(1.094) (1.107) (1.131) (1.177) (1.205) (1.205)
Spatial parameter in Y —0.329""  0.258"  0.258""  —0.331"  0.258"" 0.257""
(0.159) (0.111) (0.115) (0.179) (0.124) (0.125)
Spatial parameter in errors 0.287 0.004 —0.045 0.332 0.005 —0.045
(0.434) (0.516) (0.529) (0.629) (0.420) (0.418)

n 35 35 35 35 35 35

Notes: Standard errors are in parentheses; (1) is homoskedastic SARAR by QML, (2) is ho-
moskedastic MESS(1,1) by QML, (3) is homoskedastic MESS(1,1) by GMM, (4) is heteroskedastic
SARAR by GMM, (5) is heteroskedastic MESS(1,1) by QML and (6) is heteroskedastic MESS(1,1)
by GMM; *, ** and *** correspond to significance at the 10%, 5% and 1%, respectively. This table
is taken from Debarsy et al. (2015).

The average direct effects and average total effects are reported in Table 2. Although the
MESS(1,1) model suggests an exponential decay pattern for the influence of high-order neighboring
characteristics, while the SARAR(1,1) process indicates a geometric decay, we note that the summary

impact measures provided in the table for both models are almost identical.

The second example follows from the empirical application in Pace and Barry (1997) on the
US presidential election in 1980. The dataset contains variables on the election results and county

characteristics for 3107 US counties. We consider the following MESS(1,1) specification
AWLPV = 5yl,, + S/1EDUC + ,LHOW + B3LINC + U, WU =V, (9.2)

where LPV is the n x 1 vector of log proportion of voting age population that voted in the election,
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Table 2: Average direct effects and average total effects for the outward FDI example

Average direct effects Average total effects

SARAR MESS(1,1) SARAR MESS(1,1)
GMM QML  GMM GMM QML  GMM
LGDP 1.096 1.109 1.105 0.887  0.920  0.917
LPOP  —-0.578 —0.577 —0.579 —0.468 —0.479 —0.480
OECD 1.121 1.063 1.053 0.907  0.882  0.874
LDIS —-1.218 —-1.165 —1.174 —0.986 —0.968 —0.975

Notes: Effects are computed from estimation results of heteroskedastic SARAR (estimated by
GMM) and heteroskedastic MESS(1,1) (estimated by QML and GMM).

EDUC is the n x 1 vector of log percentage of population with a twelfth grade or higher education,
LHOW is the n x 1 vector of log percentage of population with home-ownership, and LINC is the n x 1
vector of log per capita income. We consider a contiguity based weights matrix constructed using the

latitude and longitude of the counties for this application.

We estimate (9.2) using the QML, GMM and Bayesian methods. We use the expm and the
matrix-vector product (mvp) methods from Section 3 to compute the estimation results and record
the corresponding computation times (in seconds). In the case of mvp method, the truncation order
q is set to 15. For the Bayesian estimator, we set the length of the chain to 1500 draws, with first
500 draws as burn-ins. We also report the results for the SARAR version of (9.2) by using the fast

estimation routines available in the Spatial Econometrics Toolbox provided by James LeSage.

Table 3: Presidential election voting example

MESS SARAR
QML GMM Bayesian QML GMM Bayesian
expm mvp expm mvp expm mvp
Constant 0.738*** 0.738*** 0.732*** 0.732%** 0.734%** 0.734*** 0.856*** 0.662*** 0.858***
(0.052) (0.052) (0.051) (0.051) (0.054) (0.054) (0.029) (0.035) (0.109)
EDUC 0.316*** 0.316*** 0.300*** 0.300*** 0.317*** 0.317*** 0.161*** 0.168*** 0.160***
(0.021) (0.021) (0.020) (0.020) (0.020) (0.020) (0.009) (0.013) (0.020)
LHOW 0.572%** 0.572%** 0.571*** 0.571*** 0.572%** 0.572%** 0.239*** 0.240*** 0.237***
(0.016) (0.016) (0.016) (0.016) (0.016) (0.016) (0.009) (0.008) (0.016)
LINC —0.154***  —0.154***  —0.144***  —0.144***  —0.155***  —0.155%** —0.095***  —0.099***  —0.094***
(0.021) (0.021) (0.020) (0.020) (0.021) (0.021) (0.011) (0.011) (0.015)
A —0.350***  —0.350***  —0.423*** = —0.423***  —0.337*** = —0.337"** 0.491*** 0.468*** 0.478***
(0.045) (0.045) (0.045) (0.045) (0.041) (0.041) (0.002) (0.034) (0.101)
p —0.443***  —0.443***  —0.374***  —0.374***  —0.458*** = —0.458*** 0.251%** 0.250*** 0.239***
(0.055) (0.055) (0.055) (0.055) (0.050) (0.050) (0.020) (0.041) (0.146)
Time (in seconds)  1072.431 6.017 4805.841 21.103 47742.328  11.423 1.936 0.273 13.944

Significance levels: *: 10%, **: 5%, and ***: 1%.

The estimation results are shown in Table 3.8 Overall, the coefficient estimates of the explanatory
variables are consistent across columns in terms of sign and statistical significance. We also note that

spatial parameter estimates are statistically significant. The estimates of A range from —0.42 to —0.34

8To estimate the model, we used a MacBook Pro 2016 with a 2.4GHz Intel Core i7 processor and 8 GB 1867 MHz
LPDDR3 memory.
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in the case of MESS, and from 0.46 to 0.49 in the case of SARAR. The estimates of p range from
—0.45 to —0.37 in the case of MESS model, and from 0.23 to 0.25 in the case of SAR model. We note
again that the positive estimates for A\garar in columns (7) to (9) and negative estimates for A\ypgs

in columns (1) to (6) are compatible with the relation Asarar = 1 — e*Mss using ATI.

In terms of computational time, the matrix-vector product approach offers significant gains
over the scaling and squaring method (combined with a Pad’e approximation) for computing matrix
exponential terms. However, the estimation time for the MESS specification using the matrix-vector
product approach is slightly higher than that for the SARAR specification, except for the case of

Bayesian estimator in this application.

The impact measure estimates are summarized in Table 4. The results show that the correspond-
ing impact measures are very similar across the QML, GMM and Bayesian methods. For example, in
the case of MESS, the average direct effect estimate for EDUC is 0.320 using the QML method, 0.305
using the GMM method, and 0.320 for the Bayesian method. In the case of SAR, the average direct
effect estimate for EDUC is 0.170 using the QML method, 0.176 using the GMM method, and 0.169
for the Bayesian method.

As a prelude to the next section, we must emphasize that MESS and SAR models are not
substitutes for each other, as they are non-nested. In practice, their performance may differ depending
on the application. Therefore, the choice between these two models should be guided by formal model

selection methods.

10 Model selection

There are various approaches in the literature for implementing model selection. In this section, we

consider methods based on testing, information criteria, and marginal likelihood.’

10.1 Testing approach

The classical tests, such as the Wald, Lagrange multiplier (Rao score), and likelihood ratio tests, for
inference on spatial parameters can be formulated by using the results on the asymptotic distributions
of the estimators (Anselin, 1988; Anselin et al., 1996; Anselin, 2001; LeSage and Pace, 2009; Elhorst,
2014; Dogan et al., 2018; Bera et al., 2018, 2019). In the literature, to test non-nested hypotheses, the
Cox statistic and the J statistic are adapted for mainly spatial autoregressive models (Anselin, 1984,

1986; Kelejian, 2008; Kelejian and Piras, 2011; Burridge, 2012; Jin and Lee, 2013). These non-nested

9The recent survey by Otto et al. (2024) reviews cross validation methods for geostatistical models. Whether cross
validation methods can be applied to spatial econometric models such as the SAR and MESS models we consider here are
not obvious, since these models are nonstationary, which can be seen from the distinct means and variances for different
spatial units, and splitting the data set into training and test data would destroy the original spatial dependence structure.
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Table 4: Impact measures for the presidential election voting example

MESS SARAR

QML GMM Bayesian QML GMM Bayesian

ADI
EDUC  0.320*** 0.305*** 0.320*** 0.170*** 0.176*** 0.169***
(0.020) (0.020) (0.020) (0.009) (0.006) (0.017)
LHOW  0.578*** 0.580*** 0.578*** 0.252*** 0.251%** 0.249***
(0.016) (0.016) (0.016) (0.009) (0.009) (0.013)
LINC —0.156™*  —0.147*** —0.156*** —0.099"*  —0.103*** —0.099***
(0.021) (0.020) (0.021) (0.011) (0.006) (0.015)

ATl
EDUC 0.129*** 0.153*** 0.124*** 0.147*** 0.140*** 0.144***
(0.017) (0.017) (0.018) (0.008) (0.012) (0.040)
LHOW 0.234*** 0.292*** 0.224** 0.218*** 0.201*** 0.217***
(0.036) (0.038) (0.032) (0.008) (0.017) (0.065)
LINC —0.063"*  —0.074*** —0.060*** —0.086™* —0.083*** —0.084***
(0.011) (0.012) (0.011) (0.010) (0.010) (0.024)

ATI
EDUC  0.449*** 0.458*** 0.444*** 0.317*** 0.316*** 0.312%**
(0.027) (0.027) (0.029) (0.018) (0.016) (0.034)
LHOW 0.812*** 0.872*** 0.802*** 0.471*** 0.452*** 0.466***
(0.043) (0.044) (0.039) (0.017) (0.023) (0.061)
LINC —0.219"  —0.220"* —0.217*** —0.185"*  —0.186*** —0.183***
(0.028) (0.030) (0.029) (0.021) (0.017) (0.026)

Significance levels: *: 10%, **: 5%, and ***: 1%.
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testing approaches can also be used for the model selection problem between the spatial autoregressive
models and the MESS models.

In the J-test approach, we augment the null model with the predictor from the alternative
model and then check whether the predictor can add significantly to the explanatory power of the
augmented model (Davidson and MacKinnon, 1981). Han and Lee (2013b) consider the J-test for the
model selection problem between the SARAR(1,0) and MESS (1,0) models. When the SARAR(1,0)

model is the null model, we can formulate the null and the alternative hypotheses as

Hy: Y =aWY + X3+ V,
Hy :S(\)Y = XB“ +V,

where 8¢7(\) = e’W and 3¢ is a conformable parameter vector for X in the alternative model. As in
Kelejian and Piras (2011), Han and Lee (2013b) consider two predictors based on the alternative model.
These predictors are Y; = Sew(ﬂ)*lX,ée‘” and Yo = (I, — Sex(;\))Y + X3, where A and 3 are the
QMLEs of A and 3. Note that the first predictor is based on the reduced form of the alternative
model while the second predictor is derived from the identity Y = (I,, — S“*(\))Y + X3°” + V. Then,

the null model can be augmented with these predictors to obtain the following testing equation:
Y =aWY + X8+ Y, 6, +V, (10.1)

for 11 = 1,2. Denote V(n,,) = (I, —aW)Y — X3 — leérl, where n,, = (a,ﬁ/, 5”),. To estimate
the augmented model, Han and Lee (2013b) consider a GMME based on the following vector of linear

and quadratic moment functions:

g(nr) = (V/ () P1V(0yy), - aVl (1) PV (0r,), F/V("7T1))v

where F is a full-column rank matrix of IVs and P,,’s are n x n matrices of constants with tr(P,,) =0
form =1,...,q. Following Kelejian and Prucha (2010), the IV matrix F can consist of the linearly in-
dependent columns of (X, WX, ..., W9X), where d is a positive constant. Let E = Elg(mor,)g (Mor,)],

where 1o, = (ap, ﬁé, O)/ is the true parameter vector under Hy. Then, using Lemma 2, it can be shown

that
tr(P1P§) ... tr(P1P3) 0
_ (g — 30)w'w  pzw'F : : '
15 w 0 w(PPy) ... te(PP3) 0 |
0 . 0 LFF
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where w = [vecp(P1),...,vecp(Py)]. Let %é be a consistent estimator of 2=. Then, the feasible

and B¢%* be the

sar

optimal GMME of no,, is defined by #,, = argmin, g (m)E g(my,). Let A%,

r

pseudo true values of \g and BF* under the null model, respectively. Define S~ = MW S =

I, — aoW and G = WS, Then, under some assumptions, Han and Lee (2013b) show that

; d . A -1
V(e — 1or) S N <0, lim (Dm: 1Dr1) > (10.2)
n—oo
for r1 = 1,2, where
odtr(PiG) 0 0
D, = )
ogtr(P3G) 0 0
FGXB FX FS&'Xper
ogtr(P{G) 0 ogtr(P§(I, —S5r)S™")
D, =
o2tr(PiG) 0 o2tr(Py(I, — S&H)S ™)

FGXBy FX F((I,—S%*)S X8+ X3*)

sar sar
We summarize the estimation of n,, in Algorithm 4.

Algorithm 4 (Estimation of the augmented model in (10.1)).

1. Estimate the alternative model by the QMLE suggested in Section 3.1 and then compute the
predictors le forri =1,2.

2. Estimate the null model by one of the methods given in Section 3. Use the estimated values to

get a plug-in estimate of E.

]

3. Compute %y, = argmin, g (n,,)E"g(ny,).

The result in (10.2) can be used to construct the J statistic in three different ways: (i) the Wald
(W) statistic, (ii) the distance difference (DD) statistic, and (iii) the gradient (G) statistic (Newey
and West, 1987). Let R = (0 (x41),1) and ]f)r1 be the plug-in estimator of D,, based on 7, for

r1 = 1,2. Then, the first two statistics are given as

’ A A 1A -1_, -1 .
Wr, = (Rﬁh) <R (Dm‘: 1D7”1) R> (Rnrl)v (10'3)

[
[

DDy, = min gl(nr‘l) _19("77“1) - ming/(nrl) _19(771”1)~ (10.4)

{777'1 ‘67'1 :0} Try
Let 7y, = argming, 5. —o) g (n)E 1 g(n,,) be the restricted optimal GMME. Then, the gradient
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test statistic is defined by
Gr, =y (ﬁm)é_lDM(D é_lﬁn)_lﬁmé_lg(ﬁm)? (10.5)

where ljrl is the plug-in estimator of D,, based on 7,, for r; = 1,2. Under Hj, these statistics have
a chi-squared distribution with one degree of freedom. Thus, we will reject Hy at the 5% significance

level if the test statistics are larger than 3.84.

When using the MESS model as the null model, the null and the alternative hypotheses take

the following form:

Hy:S(\)Y = X8 +V,

H:Y=aWY +X3+V.

Let & and B be the QML estimates of ag and By from the alternative model. Again, we consider two

predictors Y = (I, — dW)_IXB and Yo = @AWY + X3. Thus, the augmented model is given by
S(N)Y = X8 +Y,,0,, + V, (10.6)

for ry = 1,2. Let 9, = (X, B, 0,,), Yor, = (Mo, B8,0) for 7o = 1,2, and o, and 3%, be the
pseudo true values of o and B under the null model. Han and Lee (2013b) consider the non-linear
2SLS estimator (N2SLSE) for the estimation of the augmented model. Let g(a,,) = F'V(2,,) be the
vector of linear moment functions, where V(t,,) = S*(A\)Y — X8 +Y,,d,, for 75 = 1,2. Then, the
N2SLSE is defined by

thy, = argmin V' (¢, )F(F F) " 'F'V(1h,,). (10.7)

T2

Under some assumptions, it can be shown that
~ d ]. / / -1
\/ﬁ('l:brz - ¢0T2) - N (07 0_(6)1'2 <p1imn—>oonDr2 (F F)lDT2> ) ’ (108)

where Dy = F' (WXB®, X, 8!, 1X3;,) and Dy = F' (WXB®, X, o}, WS~ 1X 6% + X37,) with
S¥, =1, —a’,W and 8¢ = e*W_ Algorithm 5 summarizes the estimation of the augmented model

in (10.6).
Algorithm 5 (Estimation of the augmented model in (10.6)).
1. Estimate the alternative model by the QMLE and then compute the predictors Ym forre =1,2.

2. Use F = (X, WX,...,WX) to compute 1,, = arg ming, V' (3, ) F(F'F)'F'V(¢,,).
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Similar to the previous case in which the SARAR(1,0) model was the null model, we can use
the result in (10.8) to derive the three test statistics. When the disturbance terms are heteroskedastic,
robust methods are necessary to derive consistent estimators. However, the process to derive the three

test statistics are similar to the homoskedastic case.

Instead of using the critical value 3.84 from the asymptotic distribution, we can use the bootstrap
method to generate the empirical distribution of the test statistics. In this approach, we can report the
bootstrapped p-value, which is the percentage of test statistics based on the bootstrapped samples that
are greater than the corresponding test statistic obtained from the actual sample, to decide between
Hy and H; (MacKinnon, 2009). The bootstrap procedure for testing Hy : Y = aWY + X3+ V
against Hy : S*(N\)Y = X3 + V is described in Algorithm 6.

Algorithm 6 (Bootstrap testing procedure).
1. Compute W,.,, DD, and Gy, forr; =1,2.

2. FEstimate the null model by one of the methods provided in Section 3. Let V be the vector of

residuals.

3. Generate a random sample of size n from \Y% using sampling with replacement. Denote this

re-sampled residual vector by VP,

4. Use parameter estimates from Step 2 to compute Y® = (I,, — S\W)_I(XB + Vb). Compute the

bootstrapped versions of test statistics W;’l, Dfo1 and Gfil for i =1,2 by using Y°.

5. Repeat Steps 3—4 for 99 times. Then, a test statistic rejects Hy if the proportion of its bootstrapped

versions that exceed the corresponding one computed in Step 1 is less than 5%.

In the heteroskedastic case, besides using the heteroskedasticity robust estimation methods, we
also need to use a wild bootstrap approach to generate the bootstrapped versions of the test statistics.
The details of this approach are summarized in Han and Lee (2013b). The extensive simulation results
reported in Han and Lee (2013b) indicate that all versions of the J-statistic can perform satisfactorily
when the sample size is large.

Liu and Lee (2019) propose a non-degenerate Vuong-type model selection test for the model selec-
tion between the SARAR(1,1) and MESS(1,1) models. The log-likelihood function of the SARAR(1,1)

model in (2.2) can be expressed as

n

1
InL,(6:1) = —gln(27r) - glna2 +In|L, —aW|+In|l, - TW| — 252 22,211-(01)27
i=1

where 0; = (B/, Q,T, 02)/ and z;(01) =y — oW, Y =M, Y +ar > ;_ mipy Wi Y — X; 8+ 7M. X33,
with X; being the ith row of X, m;x being the (¢, k)th element of M, and W;. and M;. being the ith row
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of W and M, respectively. Then, we can write the log-likelihood function as In L1(61) = ;- 11;(61),
where {1;(81) = —3In(27) — Ino? + L In|L, — aW|+ 1 In|L, — TW| - ﬁzi(ol)? Similarly, we can
express the log-likelihood function of the MESS(1,1) as

InLo(0) = > 1i(62),
i=1

where 02 = (8, X, p,0%)", 12:(02) = —2In(27) — ZIno? — 515hi(62)% and hi(65) is the ith element of
ePM(AWY — X3). Liu and Lee (2019) first show that the QMLEs of both models, where one of the
models or both models are possibly misspecified, are consistent estimators of their pseudo-true values
and are asymptotically normal.

Liu and Lee (2019) assume that the true data generating process is unknown, and one of the two
models or both models might be misspecified. Let 8] and 65 be the pseudo-true parameter vectors
in the SARAR(1,1) and MESS(1,1) models, respectively. Then, the null hypothesis and alternative
hypotheses are given by

. 1
Hy : nh_)noloﬁE In I

1
Hy: lim —E |1
Vol Vn | Ta(0g
(07

1
Ho : 1i —E |l
2 b v | La(63)

=0 (Models 1 and 2 are asymptotically equivalent),

=400 (Model 1 is asymptotically better than model 2),

= —o0 (Model 1 is asymptotically worse than model 2).

Let LR(01,6:) = InL1(0) — In Ly(6), where 0; and 0, are the QMLEs of the two models. Define
w? = Var(ﬁLR(él,ég)) and ¢;(01,02) = 11;(01) — l2;(02). Then, following Hsu and Shi (2017), Liu
and Lee (2019) consider the following test statistic:

P ﬁ > i1 9i(01,02) + 3U7
V2 462

where & is a data-dependent scalar, &? is an estimator of w? and U ~ N(0,1). Under some regularity
assumptions, it is shown that the test statistic converges to the standard normal distribution under
the null hypothesis, i.e., T 4 N (0,1) under Hy. Under the alternative hypotheses, they show that
T — 400 under Hy, and T — —oo under Hy. In a Monte Carlo study, Liu and Lee (2019) show that

the test statistic has good size and power properties.

10.2 Information criteria approach

The predictive accuracy of a model is usually measured through an information criterion, which is

typically defined based on the deviance term —2Inp(Y|0) (Gelman et al., 2003). The widely used
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Akaike information criterion (AIC) takes the following form:
AIC = —21np(Y|) + 2p, (10.9)

where 6 is an estimate of 8 and p is the dimension of 6. In a Bayesian context, Spiegelhalter et al.

(2002) suggest another criterion called the deviance information criterion (DIC):
DIC = D(0) + pp,

where D(8) is called the posterior mean deviance and pp is a measure of the effective number of
parameters in the model. The posterior mean deviance is defined by D(8) = —2E (Inp(Y|6)]Y),
where the expectation is taken with respect to the posterior distribution of 6. This term serves as a
Bayesian measure of model fit. The effective number of parameters is defined by pp = D(8) — D(0) =
—2E (Inp(Y|0)]Y) + 2Inp(Y|0), where 0 is the posterior mean of 8. Thus, the DIC can be written

as
DIC = —4E (Inp(Y|6)[Y) + 2Inp(Y|0).

Let {68"}E | be a sequence of posterior draws. Then, the first term E (Inp(Y]0)|Y) in the DIC can
be computed by E (Inp(Y|0)|Y) ~ %Zil Inp(Y|0"). The second term Inp(Y|@) in the DIC is
computed by evaluating the log-likelihood function at the posterior mean . Using a decision-theoretic
perspective, it can be shown that both AIC and DIC choose the model whose predictive distribution
is close to the true data generating process (Li et al., 2020).

In our heteroskedastic model considered in Section 7.2, there are alternative likelihood functions:
(i) the conditional likelihood function denoted by p(Y|0,n), (ii) the complete-data likelihood function
denoted by p(Y,n|0), and (iii) the integrated (or observed) likelihood function denoted by p(Y|0) =
[ p(Y,n|@)dn. The log-conditional likelihood function is readily available and given by

1 n
Inp(Y|0,n) = —g In(27) — ganQ ~3 Zlnm (10.10)
i=1
1 / !
— 5oa (@Y = XB) M H ()™M (VY - XB),

where H(n) = Diag(n1,...,m,) is the n x n diagonal matrix with the ith diagonal element 7;. As
shown in Section 6.2, this function facilitates the Bayesian estimation of the heteroskedastic model.
Both the conditional likelihood function and the complete-data likelihood function depend on the high-
dimensional latent scale mixture variables. Since these high-dimensional variables can not be estimated

precisely, the AIC and DIC formulated with the conditional and complete-data likelihood functions
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may not perform satisfactorily in model selection exercises (Chan and Grant, 2016). Indeed, the latent
variable models violate the conditions of the decision-theoretic perspective, indicating that the AIC and
DIC cannot be used as a measure of predictive accuracy (Li et al., 2020). Hopefully, the log-integrated
likelihood function can be obtained analytically by integrating out the scale mixture variables 1 from
the complete-data likelihood function, i.e., p(Y|0) = [p(Y,n|0)dn = [p(Y|n,0)p(n|@)dn. This
function can be derived as (Dogan et al., 2023)

Inp(Y|9) = —g In(27) — ﬁ Ino? + ﬂ In(v/2)
1F< ;—1>—nlnI‘1//2 ”+121 < 6)>,

where y;(8) is the ith element of Y(8) = e’ (e*WY — X3) with § = (A\,p,B)". This function can
be used to formulate AIC and DIC in the heteroskedastic model.

Another popular criterion is the Bayesian information criterion, which can be derived from a
large sample approximation to the log-marginal likelihood of a candidate model. Let {Mk}szl be a
sequence of candidate models. Then, the marginal likelihood of the model M} can be expressed as
(Y| M) = f@k p(Y |0y, My)p(0r| My )dOy, where 0y, is the pp x 1 vector of parameters in My. Then,
the Laplace approximation to In p(Y|My) yields the following BIC measure (Schwarz, 1978):

BIC; = —2Inp(Y|6) + 2pIn(n). (10.11)

The Laplace approximation to In p(Yx|My) can also be used to show that (Kass and Raftery, 1995)

, BIC}, — BIC, B

where € > 0 is an arbitrary number and BFy; = p(Y|M})/p(Y|M;) is the Bayes factor of M}, against
M;. The result in (10.12) indicates that the BIC is also a consistent model selection criterion like
the Bayes factor. Moreover, both BIC and the Bayes factor can be interpreted as the measures
of predictive accuracy because the marginal likelihood function can be interpreted as the predictive

density evaluated at Y (Chan and Grant, 2016).

In the Bayesian setting described in Section 7, Dogan et al. (2023) investigate the performance
of AIC, DIC and BIC for both nested and non-nested model selection problems through simulations.
They consider four popular MESS specifications and aim to see whether the information criteria can
select correct model specification and the correct spatial weights matrix from a pool of candidates.
Their extensive simulation results show that these criteria perform satisfactorily and can be useful
for selecting the correct model in the specification search exercises. In an empirical illustration, they

also consider the MESS counterpart of the spatial Durbin model considered in Ertur and Koch (2007)
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(EK) under both homoskedasticity and heteroskedasticity. EK incorporate technological interdepen-
dence into a neo-classical Solow growth model to explore the impact of technology spillover effects on

economic growth. The MESS counterpart of EK’s empirical model takes the following form
WLOPW = By, + S1LSAV + B.LGLAB + 83W x LSAV + 34 W x LGLAB + V, (10.13)

where LOPW is the n x 1 vector of log output per-worker, LSAV is the n x 1 vector of log of fraction of
savings, LGLAB the n x 1 vector of growth rate of labor variable. W xLSAV and W xLGLAB stand
for the Durbin terms. Dogan et al. (2023) consider two specifications for the spatial weights matrix.
Let d;; denote the squared great-circle distance between country capitals 7 and j. The first weights
matrix is denoted as W7y, and its elements are generated as di_jQ. The second one is denoted as Wy

and its elements are generated as e 2%i. Both weights matrices are row normalized.

The sample data come from EK and contain information on 91 countries for the year 1995. Dogan
et al. (2023) estimate (10.13) under homoskedastic and heteroskedastic cases using the estimation
algorithms described in Section 7. They report the mean and the standard deviation of the posterior
draws provided below in Table 5. In columns (1) and (2), EK’s results are reproduced for reference.

All information criteria are reported in the bottom panel.

Columns (3) and (4) present the estimation results under homoskedasticity. We observe that the
estimates for LSAV and LGLAB are close to those from EK. However, while EK report statistically
significant negative estimates for W xLSAV, in columns (3) and (4), although the estimates are close,
they are no longer statistically significant. The coefficient for W xLGLAB is estimated imprecisely

similar to EK.

The estimates of A in columns (3) and (4) are around —0.85 and statistically significant. Note
again that these estimates are not directly comparable to the estimates of A in columns (1) and (2).
However, when the spatial weights matrix is row normalized, the relation Agag = 1 — e*MFss suggested
by Debarsy et al. (2015) can be used. We observe that Agar = 0.740 and Aygss = —0.857 for Wy, and
Asar = 0.658 and Ayrss = —0.822 for Wo. These coefficients have opposite signs, and approximately
satisfy the relation in this application. For the information criteria, we can see that AIC and BIC have
smaller values for W1, which implies that W is preferred over Ws for the SAR model. Similarly, for
the MESS model, AIC, DIC, and BIC have smaller values for Wj.

Columns (5) and (6) present the estimation results under heteroskedasticity. The findings are
in general very similar to those from the homoskedastic specifications in columns (3) and (4). One
important difference occurs in the estimate of A in column (6), which is smaller in magnitude. The
estimates of the number of degrees of freedom v for the ¢ distribution indicate no significant deviations

from the normality of the error terms. For the information criteria, we again observe that DIC, AIC
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and BIC have smaller values for W; compared to Wa. Across columns (3) through (6), the lowest

values for all information criteria are observed in column (5).

Table 5: Estimation results for the MESS spatial growth model

SAR MESS
Homoskedasticity Homoskedasticity Heteroskedasticity
(1) Wy (2) Wy (3) Wy (4) W (5) Wy (6) W2
Constant 0.988 0.530 1.288 0.806 1.139 1.807
(0.602) (0.778) (1.781) (1.799) (1.788) (1.800)
LSAV 0.825*** 0.792*** 0.949*** 0.893*** 0.957*** 0.873***
(0.000) (0.000) (0.116) (0.121) (0.116) (0.117)
LGLAB —1.498***  —1.451** —-1.662*** —1.614"** —1.673"** —1.556**
(0.008) (0.009) (0.628) (0.619) (0.629) (0.609)
W xLSAV —0.322***  —0.372"** —0.292 —0.332* —0.338 —0.062
(0.079) (0.024) (0.223) (0.192) (0.223) (0.198)
WxLGLAB 0.571 0.137 0.149 —0.050 0.189 —0.345
(0.501) (0.863) (0.842) (0.788) (0.844) (0.787)
A 0.740*** 0.658*** —0.857**  —0.822*** —0.894*** —(0.581***
(0.000) (0.000) (0.115) (0.102) (0.113) (0.105)
o? 0.334*** 0.349*** 0.333*** 0.355***
(0.052) (0.054) (0.052) (0.056)
v 24.724** 27.615**
(12.462) (12.311)
AIC 161.06 173.49 164.87 169.07 156.93 163.45
DIC 163.12 167.23 155.26 161.71
BIC 156.08 168.51 182.44 186.65 177.02 183.54

Significance levels: *: 10%, **: 5%, and ***: 1%.

Yang et al. (2022) suggest using a Mallows C), type selection criterion for selecting a spatial
weights matrix from a pool of candidates. Let W = {(W,, M) : s € {1,2,...,5}} be the pool of spa-
tial weights matrices. The quasi log-likelihood function based on the tuple (W, M) can be expressed

as

1
2 M Wy

ly = =5 m2mo” — — |[e™ (e*WY = XB)||7, (10.14)
where || -|| denotes the Euclidean norm. For a given (&5, 7s) value, the first order conditions of (10.14)
with respect to 3 and o? yield

R ;. ro -1, . ro R

B, = (X eTsMSeTsMSX) X' ¢ M 7sMs g6sWay (10.15)

) . ~ 12
6 = - e Ms(0:sWay X3l . (10.16)
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Let g = E(Y) = e~ ®0WXg,. Substituting (10.15) into fi; = e~ *WsX3,, we obtain
N ;- ro -1 ., . roL . ~
fis = =8 WeX <X eTsMseTsMsX) X' ¢fsMsesMsasWey — Py, (10.17)

= A A =~ A . = A SR AN -1,
where Py = e @ WsemTsMs P _o7sMs 00sWs with P, = ¢MsX (X eTsMseTsMSX) X'e™Ms_ Then,

Yang et al. (2022) consider the following selection criterion function:

C, = Hf’sY - YH2 +2 (tr(f’sﬂ) + OAs Qaf)SY 4 9ps Qaf)SY>

oY oA oY 9p

where Q = JQe_AOWe poMe_poM/e_’\Owl is the variance of Y, and the closed forms of g‘)‘{,, 8(;5 and
% can be found in Yang et al. (2022). Given an estimator of €, we can compute C; for each s.
Thus, the selected model is defined as § = argmingeg; gy Cs. Under certain assumptions, Yang et al.
(2022) show that the selection estimator fi; is asymptotically optimal in the sense that it is as efficient
as the infeasible estimator that uses the best candidate spatial weights matrix. They also show that

the selection procedure is selection consistent in the sense that it chooses the true tuple of weight
matrices with probability approaching one as n — oo.

Instead of selecting the asymptotically optimal model, it is also possible to use a model averaging
scheme that compromises across a set of candidate models. Let w = (wq,... ,ws)/ be a vector of
weights, and N = {w €[0,1]%: Zsszl ws = 1} be the set of model weights vectors. Let P(w) =
Zle wP, be the weighted average of {131, . ,155}. Then, the model averaging estimator for p is
given by

S S
= wirs =Y wPY =P(w)Y. (10.18)
s=1

s=1

Then, Yang et al. (2022) consider the following model weights choice criterion function:

C(w —HP )Y — YH+2<tr( )+Z <8Y alisY—i-gés,leZ:Y)).

The optimal model weights vector is thus given by w = argmingcx, C (w). Similar to the model

selection procedure, the model averaging estimator fi(w) is also asymptotically optimal.

The selection and averaging estimators can also be considered for the high order MESS mod-
els. In the case of heteroskedastic models, Yang et al. (2022) use a heteroskedasticity robust GMM
estimator to formulate the selection and model averaging criterion functions. The extensive simula-
tion results in Yang et al. (2022) indicate that the model selection and averaging estimators perform

satisfactorily.
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10.3 Marginal likelihood approach

In the Bayesian approach, the Bayes factor can be used for both nested and non-nested model se-
lection problems. As shown in Section 10.2, the Bayes factor for two models is simply the ratio
of the corresponding marginal likelihood functions: BFy; = p(Y|Mj)/p(Y|M;), where p(Y|M;) =
f@j p(Y|0;, M;)p(0;|M;)d0; for j € {k,l}. Thus, the Bayes factor chooses My, if p(Y|M}) is larger
than p(Y|M;). If the data is generated from My, then the Bayes factor will consistently choose M},
over M;. To see this, consider the expectation of the log-Bayes factor under p(Y|My):

p(Y|My)\ o p(Y|Mjy)
E (log p(Y|]\4l)> = /1 gip(Y|MZ)p(Y]Mk)dY, (10.19)

which is simply the Kullback-Leibler divergence between p(Y|M}) and p(Y|M;). Thus, the expectation
is strictly positive, unless p(Y|My) = p(Y|M;) in which case it is zero.

The Bayes factor reduces to the Savage-Dickey density ratio (SDDR) for the nested model
selection problems (Verdinelli and Wasserman, 1995). For example, consider the following null and
alternative hypotheses: Hy : A = 0 against Hy : A # 0 or Hy : p = 0 against Hy : p # 0. Let Mg and
My be respectively the restricted and the unrestricted model. Then, the Bayes factor in favor of the

unrestricted model is

p(Y[My)

BFyr = —5
p(Y|MEg)

(10.20)

where p(Y|M;) for j € {U, R} is the corresponding marginal likelihood function. Since our prior
distributions are independent, the Bayes factor in (10.20) reduces to the SDDR given by

p(A = 0|My)

BF =
VT p( = 0]Y, My)’

(10.21)

where p(A = 0| My ) and p(A = 0|'Y, M) are respectively the prior and the marginal posterior densities
of X\ evaluated at A = 0. The BFyg indicates that if A = 0 is more likely under the prior relative to the
marginal posterior, then the BFyp provides evidence in favor of Hy. Under the prior A ~ N(p,,V}),
we have p(A = 0|My) = (2xVy)~1/2 exp(—u3/2Vy). Let {87, \", p", 02"} | be a sequence of posterior
draws. Then, one way to estimate the marginal posterior p(A = 0|Y, My) is to use the following

Rao-Blackwell estimator (Gelfand and Smith, 1990):
| R
pA=0]Y, My) = > pA=0[Y,B8", 0" 07). (10.22)

r=1

This Rao-Blackwell estimator cannot be used in our case because the conditional posterior density

of A\ does not take a standard form. If we assume that the parameter space of A is contained in the
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interval (—7, 7), where 7 is a finite positive constant, then we may resort to a Griddy-Gibbs sampler

to estimate p(A = 0|Y, My ). Algorithm 7 describes how we can use this approach.
Algorithm 7 (Computing SDDR).
1. Construct a grid with random points A1, ..., Ay from the interval (—7, 7). The grid must also

include A\, = 0.

2. Compute p,(A\;) = Zi(l)‘;gj’ﬁ;:g:’;ig%) fori=1,....mandr=1,...,R.

3. Compute p(\;) = 2 pr(\) fori=1,...,m.
4. Return p(A =0[Y, My) = p(\x).

The marginal likelihood function of the MESS type models does not take a closed form. There
are alternative methods that can be used to estimate or to approximate the marginal likelihood
function. In the homoskedastic case, we can analytically integrate out B and o? under the following
priors: (i) Blo?N(pg,0*Vp) and 0% ~ IG(a,b) or (i) p(B,0?) o 1/o. However, in order to get the
marginal likelihood function, we also need to integrate out the spatial parameters, which is not possible
analytically. Then, one approach for computing the marginal likelihood function can be based on a
numerical integration method (Hepple, 1995; LeSage and Pace, 2009; Han and Lee, 2013a). In the
case of MESS(1,1), this approach requires a double numerical integration over the parameter space of
A and p. It is clear that this approach may not be feasible for high order MESS models and for models
with heteroskedasticity.

Alternatively, since the conditional posterior distributions of the spatial parameters are in non-
standard forms, we may resort to the method suggested by Chib and Jeliazkov (2001) to estimate the
marginal likelihood function. This approach is general enough and only requires the MCMC draws of
parameters. In the heteroskedastic case, this approach based on the conditional likelihood function
p(Y|0,n) provided in Section 7.2 requires the MCMC draws of the high-dimensional scale mixture
variables and may therefore not produce precise estimates (Frithwirth-Schnatter and Wagner, 2008).
For this reason, we should instead use this method based on the integrated likelihood function p(Y10)

given in Section 10.2.

The modified harmonic mean method of Gelfand and Dey (1994) can also be used to estimate
the marginal likelihood function. This method requires a probability density function g whose support
lies in the support of the posterior distribution. The method produces an approximation based on

E (%‘Y), where the expectation is taken with respect to p(6]Y). The expectation gives the
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following relationship:

4(0) g 7 g0) p(YI0)(0)
. <p<Y|e>p<o> ‘Y) -/ (¥ 10)p(0)" ¢ 1Y)10 = / P00 py) O

=p 1Y) /g(e)de =p L(Y). (10.23)

Thus, the marginal likelihood function p(Y’) can be estimated by the following estimator:

R 4(6") -1
( g Y!9’° T) , (10.24)

where {6"} [, is a sequence of the posterior draws from p(6|Y). Under the condition that g(0)/ (p(Y|6)p(6))
is bounded above over the support of the posterior distribution, it can be shown that this estimator is
a simulation consistent estimator when R goes to infinity (Geweke, 1999). To guarantee this bound-
edness condition, following Geweke (1999), we can consider a truncated multivariate normal density
for g. Let A={0 R : (0 —6)Q (0 -0) < X2} be the truncation set, where 6 is the posterior
mean of 0,  is the posterior covariance of 8, and ng,p is the (1 — a) quantile of the XZ distribution.

Then, g takes the following form:

L 1-1/2 1 A .
9(8) = (1 —a)~t(2n)?/? ‘Q’ exp <—2(0 -0)Q7 (6 - 9)> x 14(0), (10.25)
where 14(0) is the indicator function taking value 1 if @ € A, otherwise 0.

Note that the computation of the modified harmonic mean estimator requires the integrated
likelihood function which is available for both homoskedastic and heteroskedastic models. In the
context of spatial autoregressive models, Dogan (2023) investigates the finite sample performance of
this estimator along with some other popular information criteria for both nested and non-nested
model selection problems. His simulation results show that the modified harmonic mean estimator

performs satisfactorily, and can be useful for the specification search exercises in spatial econometrics.

11 A Monte Carlo study

11.1 Design

In this section, we conduct a Monte Carlo study to investigate the finite sample properties of the
estimators considered in Sections 4 through 7. To this end, we consider the following data generating

process:

Y =e WX, + e WMy,
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where X contains two explanatory variables with By = (S10, 820)" = (1, 1)'. The observations for
the first explanatory variable are drawn independently from the standard normal distribution, while
the observations for the second explanatory variable are drawn independently from Uniform(0, v/12).
The spatial parameters \g and py can take values from the set {(—2,—1),(-2,1),(0.5,—1),(0.5,1)}.
For V, in the homoskedastic scenario, the elements v; are i.i.d. draws from either (i) the standard
normal distribution or (ii) the standardized chi-squared distribution with three degrees of freedom,
i.e., (x2 —3)/v6. In the heteroskedastic scenario, we set V.~ N (0, Diag(v1,...,7,)) with either (i)
vi = 20;/(3_7—; ¥;/n), where ¥; is the number of neighbors for unit  using the description of Wy
below, or (ii) 7; = exp(0.1 4+ 0.35X5;) and Xy; is the ith element of Xs.

For the spatial weights matrix W, we consider the interaction scenario described in Arraiz et al.
(2010). To this end, let n entities be distributed across four quadrants of a square grid in such a way
that the number of entities in each quadrant can be arranged to allow for sparse or dense quadrants.
The location of each entity across the grid is determined by the zy-coordinates on the grid. Let ¢
and ¢ be two integers. The entities in the northeast quadrant of the grid have discrete coordinates
satisfying (c+1) <a <¢and (c+1) < y <, with an increment value of 0.5. For the other quadrants,
the location coordinates are integers satisfying 1 <z <c¢, 1 <y<c¢, and 1<z <¢ 1<y<c The
distance d;; between any two entities ¢ and j, located respectively at (x1,y1) and (z2,y2), is measured
by the Euclidean distance given by d;; = [(z1 — 22)* + (y1 — y2)2]1/2. Then, the (7, j)th element of
W is set to 1if 0 < d;; <1, and to 0 otherwise. We then row normalize W. In this scenario, varying
the values for ¢ and ¢ leads to a different sample size and a different share of units in the northeast
quadrant. We consider the following two combinations: (¢,¢) = (5,15) and (¢,¢) = (14,20). The
first combination produces a sample size of 486 and locates 75 percent of the entities in the northeast
quadrant (W7), whereas the second combination generates a sample size of 485 and locates 25 percent

of the entities in the northeast quadrant (Wy).

For the spatial weights matrix M, we consider a nearest neighbors scheme. To this end, using
the Euclidean distances (d;;’s) from the construction of W above, we let entity i be dependent on its
5 nearest neighbors so that the weights corresponding to these neighbors in the ¢’th row of M are set
to 1 and the rest are set to zero. Then, M is row normalized. We use the “makeneighborsw” function

from the Spatial Econometrics Toolbox to generate M (LeSage and Pace, 2009).

We evaluate the performance of the following estimators: (i) the QMLE in (4.4), (ii) the ME
in (5.8), (iii) the IGMME in (6.1), (iv) the BGMME in (6.4), (v) the RGMME in (6.8), (vi) the
Bayesian estimator (BE) based on Algorithm 1, and (vii) the robust Bayesian estimator (RBE) based
on Algorithm 2. For classical estimation methods, we conduct 1000 repetitions. In the case of Bayesian
estimation, we choose the following priors: A ~ N(0,100), p ~ N(0,100), 3 ~ N(0,100I2) and
02 ~ 1G(0.01,0.01). We set the number of repetitions to 100, the number of draws to 1500, and the
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burn-ins to 500. For each method, we report bias, root mean squared error (RMSE) and empirical

coverage ratio of a 95% confidence interval.'"

11.2 Simulation results

Tables 6 and 7 present the simulation results for two homoskedastic cases: (i) v; ~ N(0,1) and (ii)
v; ~ (x2—3)/+/6. Similarly, Tables 8 and 9 report the simulation results for the heteroskedastic cases.

Below, we summarize our main findings from these tables.

1. The results in Tables 6 and 7 demonstrate that all estimators exhibit excellent finite sample
performance in terms of bias across all cases. All estimators report negligible bias for all param-
eters. For instance, in Table 6, when (ay, 70, 810, 20) is (=2, —1,1,1) in the case of W1, in terms
of bias in estimating «g, the QMLE, IGMME, BGMME, ME and BE report —0.0023, —0.0009,
—0.0026, —0.0021, and —0.0024, respectively.

2. In Tables 6 and 7, in terms of finite sample efficiency, the QMLE, BGMME and BE outperform
the other estimators and report smaller RMSE when the true disturbance terms are normally
distributed. However, when the true disturbance terms are not normally distributed, we observe
that the BGMME reports the smallest RMSE. This is not surprising because the theoretical re-
sults in Debarsy et al. (2015) show that when the disturbance terms are not normally distributed
and W and M do not commute, the BGMME can be more efficient than the QMLE. For ex-
ample, in Table 7, when («g, 70, 510, 820) is (—2,—1,1,1) in the case of Wa, for ag the BGMME
reports 0.045 for RMSE, whereas the QMLE, IGMME, ME and BE report 0.051, 0.060, 0.052
and 0.061, respectively.

3. In Tables 6 and 7, in terms of finite sample coverage ratios, all estimators perform satisfactorily
regardless of the distribution of the true disturbance terms or the denseness of W. There are
occasional negligible under coverage cases for the ME and the BE for ag. This is not surprising
in the case of ME because it uses the adjusted quasi score (with respect to «) that tries to correct
the score for the potential heteroskedasticity in the disturbance terms. For example, in Table 6,
when (ag, 70, f10, B20) is (—2, —1,1,1) in the case of W1, for ap, the QMLE, IGMME, BGMME,
ME and BE report 94.5%, 93.4%, 94.6%, 92.7%, and 95%, respectively. Overall, all estimators

perform satisfactorily.

4. In the heteroskedastic cases, the results in Tables 8 and 9 indicate that all estimators exhibit ex-
cellent finite sample performance in terms of bias. For example, in Table 9, when (ayg, 70, 510, £20)
is (0.5,—1,1,1) in the case of Wy, in terms of bias in estimating 79, the QMLE, IGMME,
RGMME, ME and BE report 0.0015, 0.0074, 0.0013, 0.0021, and 0.0092, respectively.

10 An estimation routine written in MATLAB is available in the supplementary online appendix.
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5. In Tables 8 and 9, in terms of finite sample efficiency, the QMLE, RGMME, ME and RBE
perform similarly. The RGMME and RBE report smaller RMSE values, whereas the IGMME
reports the largest RMSE values. For example, in Table 9, when (ag, 70, 810, £20) is (0.5, —1,1,1)
in the case of Wy, for 7p the RGMME and RBE report 0.094 and 0.091 for RMSE, respectively,
whereas the QMLE, IGMME, and ME report 0.093, 0.107 and 0.093, respectively.

6. In Tables 8 and 9, in terms of finite sample coverage ratio, all estimators perform satisfactorily.
For example, in Table 9, when («v, 70, B10, 820) is (0.5, 1,1, 1) in the case of W1, for 7y, the QMLE,
IGMME, RGMME, ME and RBE report 95.0%, 94.6%, 94.9%, 96.8%, and 90.0%, respectively.
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Table 6: Estimation results under homoskedasticity with v; ~ N(0,1)

QMLE IGMME BGMME ME BE
Wy
ap=—2 —0.0023(.043)[.945] —0.0009(.054)[.934] —0.0026(.043)[.946] —0.0021(.045)[.927] —0.0024(.045)[.950]
o=—1  0.0015(.089)[.941]  0.0041(.100)[.938]  0.0013(.089)[.939]  0.0013(.090)[.941]  0.0141(.089)[.930]
Bio=1  0.0034(.040)[.955  0.0034(.042)[.960]  0.0031(.040)[953]  0.0030(.040)[.909]  0.0036(.042)[.970]
Bao=1 —0.0007(.035)[.943] —0.0011(.037)[.947] —0.0009(.035)[.942]  0.0010(.035)[.976]  0.0002(.035)[.940]
Wy
ap=—2 —0.0006(.038)[.942] —0.0005(.044)[.949] —0.0002(.039)[.939] —0.0012(.048)[.908]  0.0037(.036)[.970]
=1 0.0140(.088)[.942]  0.0094(.097)[.941]  0.0115(.088)[.941]  0.0141(.091)[.954]  0.0066(.080)[.960]
Bio=1  0.0012(.040)[.946]  0.0010(.043)[.945]  0.0011(.040)[.946]  0.0020(.041)[.972]  0.0039(.040)[.960]
Bao=1  0.0000(.038)[.944]  0.0004(.044)[.938]  0.0004(.038)[.939]  0.0000(.047)[.940]  0.0054(.036)[.960]
Wy
ap =05 —0.0002(.048)[.939]  0.0022(.061)[.948] —0.0004(.048)[.942] —0.0001(.049)[.883]  0.0021(.048)[.960]
o=—1  0.0032(.092)[.936]  0.0037(.106)[.949]  0.0028(.092)[.931]  0.0031(.092)[.940] —0.0032(.093)[.940]
Bio=1  0.0020(.041)[.944]  0.0014(.043)[.939]  0.0017(.041)[.944]  0.0024(.041)[.890] —0.0001(.046)[.950]
Bao=1  0.0000(.034)[.954]  0.0001(.034)[.955] —0.0002(.034)[951]  0.0020(.034)[.995] —0.0026(.034)[.940]
Wy
ap =05 —0.0009(.041)[.954] —0.0005(.047)[.951] —0.0005(.041)[.955] —0.0034(.054)[.891]  0.0037(.040)[.930]
=1 0.0147(.089)[.940]  0.0094(.096)[.953]  0.0121(.089)[.942]  0.0168(.097)[.957] —0.0073(.078)[.980]
Bio=1 —0.0017(.042)[.934] —0.0016(.045)[.936] —0.0020(.043)[.933] —0.0006(.043)[.971]  0.0011(.041)[.950]
Boo=1 —0.0006(.040)[.947]  0.0000(.046)[.951] —0.0002(.040)[.946] —0.0003(.052)[.955]  0.0060(.040)[.930]
W,
ap=—2 —0.0001(.051)[951]  0.0003(.061)[.952]  0.0000(.051)[.952] —0.0004(.052)[.894]  0.0057(.053)[.960]
7o=—1  0.0074(.083)[.944]  0.0111(.093)[.950]  0.0065(.084)[943]  0.0077(.083)[.948]  0.0068(.073)[.980]
Bio=1  0.0034(.044)[.948]  0.0036(.046)[.950]  0.0031(.044)[.948]  0.0036(.044)[.874] —0.0049(.044)[.940]
Bao=1 —0.0006(.034)[.943] —0.0004(.035)[.951] —0.0013(.034)[.944]  0.0005(.034)[.997] —0.0002(.031)[.970]
W,
ap=—2 —0.0013(.038)[.959] —0.0016(.045)[.952] —0.0012(.038)[958] —0.0037(.054)[.845]  0.0010(.044)[.900]
=1 0.0143(.083)[.941]  0.0096(.087)[.950]  0.0106(.082)[.940]  0.0143(.086)[.956] —0.0219(.083)[.950]
Bio=1  0.0008(.036).948]  0.0007(.039).949]  0.0003(.036)[.949]  0.0015(.038)[.985] —0.0015(.040)[.950]
Bop=1  —0.0006(.037)[.955] —0.0006(.044)[.954] —0.0006(.037)[.957]  0.0001(.051)[.953]  0.0011(.043)[.900]
W,
ap =05 0.0025(.050)[.953]  0.0025(.062)[.933]  0.0027(.050)[952]  0.0025(.052)[.845]  0.0122(.056)[.880]
=—1 —0.0030(.086)[.941]  0.0033(.096)[.939] —0.0036(.087)[.937] —0.0031(.087)[.933] —0.0014(.089)[.930]
Bio=1  0.0001(.038).963] —0.0006(.041)[.947] —0.0003(.038)[.962]  0.0008(.038)[.933]  0.0046(.041)[.930]
Bao=1 —0.0025(.035)[.951] —0.0024(.036)[.941] —0.0030(.035)[.947] —0.0015(.035)[.998]  0.0035(.028)[.970]
W,
ap =05 —0.0005(.038)[.949] —0.0008(.044)[.948] —0.0005(.038)[.948]  0.0010(.049)[.869] —0.0010(.040)[.910]
=1 0.0099(.080)[.950]  0.0056(.085)[.957]  0.0063(.080)[.950]  0.0082(.082)[.960] —0.0023(.085)[.950]
Biw=1  0.0001(.037)[.945]  0.0001(.040)[.940] —0.0004(.037)[.943]  0.0006(.038)[.981] —0.0036(.034)[.980]
Bao=1 —0.0001(.038)[.944] —0.0002(.044)[.949] —0.0001(.038)[.943] —0.0002(.049)[.942]  0.0010(.040)[.900]

Notes: We report the bias (RMSE) [95% coverage ratio].
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Table 7: Estimation results under homoskedasticity with v; ~ (x3 — 3)/v6

QMLE IGMME BGMME ME BE
Wy
ap=—2  0.0012(.045)[.933]  0.0009(.054)[.946] —0.0024(.036)[945]  0.0010(.045)[.906] —0.0006(.040)[.950]
o=—1  0.0005(.088)[.944]  0.0037(.099)[.942]  0.0036(.086)[.939]  0.0009(.088)[.944]  0.0037(.074)[.990]
Bio=1 —0.0016(.043)[.944] —0.0017(.045)[.943] —0.0004(.032)[.948] —0.0008(.043)[.890]  0.0018(.041)[.950]
Bao=1 —0.0001(.035)[948]  0.0003(.037)[.945]  0.0006(.027)[.961]  0.0018(.035)[.981]  0.0011(.036)[.930]
Wy
ap=—2  0.0016(.038)[.946]  0.0020(.043)[.943]  0.0002(.029)[.948]  0.0007(.046)[.910]  0.0022(.041)[.930]
=1 0.0071(.088)[.936]  0.0013(.094)[.940]  0.0057(.086)[.927]  0.0079(.091)[.943] —0.0006(.081)[.960]
Bio=1  0.0013(.040).941]  0.0016(.042).937]  0.0002(.028)[.957]  0.0013(.041)[.968] —0.0027(.043)[.910]
Bao=1  0.0027(.038)[.953]  0.0033(.042)[.951]  0.0015(.029)[.946]  0.0006(.044)[.951]  0.0034(.041)[.940]
Wy
ap =05  0.0024(.049)[947]  0.0027(.061)[.941] —0.0003(.041)[.946]  0.0025(.050)[.891]  0.0020(.044)[.970]
7o=—1  0.0027(.092)[942]  0.0061(.106).953]  0.0047(.089)[937]  0.0027(.092)[.942] —0.0051(.082)[.950]
Bro=1  0.0017(.041)[941]  0.0017(.043)[.932]  0.0005(.030)[.946]  0.0026(.041)[.890] —0.0010(.046)[.950]
Bao=1  0.0011(.034)[.934]  0.0010(.035)[.936]  0.0017(.027)[.951]  0.0031(.034)[.990] —0.0046(.036)[.930]
W,
ap =05  0.0009(.042)[.940]  0.0016(.046)[.945] —0.0009(.031)[.949] —0.0022(.055)[.881] —0.0039(.040)[.940]
=1 0.0121(.087)[.945]  0.0050(.096)[.944]  0.0114(.083)[.948]  0.0149(.094)[.950]  0.0010(.089)[.920]
Bio=1 —0.0003(.042)[941]  0.0000(.044)[.943] —0.0008(.031)[.939]  0.0003(.043)[.976] —0.0051(.039)[.930]
Boo=1  0.0019(.041)[.944]  0.0027(.045).949]  0.0002(.030)[.946]  0.0003(.052)[.948] —0.0038(.040)[.950]
W,
ap=—2  0.0036(.051)[.949]  0.0025(.060)[.954] —0.0011(.045)[.946]  0.0036(.052)[.888] —0.0059(.061)[.900]
7o=—1  0.0006(.084).939]  0.0069(.093).948]  0.0028(.083)[939]  0.0008(.085)[.941] —0.0052(.080)[.980]
Bio=1 —0.0017(.042)[.948] —0.0017(.044)[.943] —0.0018(.032)[.956] —0.0011(.042)[.883]  0.0014(.041)[.930]
Bao=1 —0.0013(.033)[.952] —0.0015(.034)[.953] —0.0016(.025)[.949] —0.0002(.033)[.999] —0.0041(.036)[.950]
W,
ap=—2  0.0009(.039).939]  0.0015(.045).945] —0.0001(.030)[951] —0.0008(.053)[.847] —0.0072(.036)[.940]
=1 0.0102(.075)[.958]  0.0050(.082)[.959]  0.0047(.075)[.960]  0.0102(.079)[.963]  0.0029(.083)[.920]
Bio=1 —0.0011(.036)[.943] —0.0016(.039)[.953] —0.0010(.026)[.952] —0.0011(.039)[.983] —0.0025(.039)[.920]
Bao=1  0.0014(.038)[945]  0.0023(.044)[.950]  0.0007(.029)[.949]  0.0000(.050)[.952] —0.0057(.036)[.950]
W,
ap=05  0.0019(.050)[.947]  0.0012(.061)[.949] —0.0007(.045)[.943]  0.0023(.051)[.857] —0.0002(.054)[.930]
To=—1  0.0006(.085).946]  0.0077(.094)[.941]  0.0011(.085)[.936]  0.0004(.085)[.945]  0.0099(.091)[.940]
Bio=1 —0.0033(.037)[.950] —0.0017(.040)[.945] —0.0026(.029)[.941] —0.0027(.038)[.922] —0.0022(.043)[.940]
Bao=1 —0.0004(.035)[.959] —0.0008(.036)[.951]  0.0003(.026)[.957]  0.0006(.035)[.997] —0.0004(.032)[.950]
W,
ap =05 0.0006(.039)[.946] —0.0006(.045).945]  0.0009(.029)[.949] —0.0016(.050)[.863]  0.0124(.048)[.850]
=1 0.0142(.082)[.940]  0.0114(.088)[.940]  0.0093(.081)[.940]  0.0149(.084)[.943]  0.0038(.089)[.930]
Bro=1 —0.0012(.035)[.953] —0.0022(.038)[.952] —0.0007(.026)[.958] —0.0010(.037)[.986]  0.0090(.041)[.870]
Bao=1  0.0008(.039)[.948]  0.0000(.045)[.947]  0.0011(.028)[.957] —0.0004(.049)[.952]  0.0138(.048)[.880]

Notes: We report the bias (RMSE) [95% coverage ratio].
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Table 8: Estimation results under heteroskedasticity with v; = 20;/(3°7_, ¥;/n)
QMLE IGMME RGMME ME RBE

W,

apg=—2 —0.0014(.057)[.950]  0.0004(.074)[.945] —0.0022(.057)[.953] —0.0011(.059)[.948] —0.0049(.049)[.960]

7o=—1  0.0001(.104)[.911]  0.0043(.112)[.945] —0.0017(.111)[.893] —0.0001(.105)[.942] —0.0012(.103)[.920]

Bio=1  0.0044(.057)[.952]  0.0046(.059)[.954]  0.0037(.057)[.953]  0.0044(.052)[.933]  0.0013(.043)[.960]

Bao=1 —0.0016(.049)[.943] —0.0017(.051)[.953] —0.0028(.049)[.944]  0.0014(.049)[.970]  0.0118(.048)[.970]
Wy

ap=—2  0.0024(.052)[.947]  0.0000(.057)[.957]  0.0008(.052)[.948] —0.0021(.064)[.913]  0.0104(.059)[.820]

=1 0.0097(.096)[.938]  0.0097(.096)[.960]  0.0068(.101)[.923]  0.0131(.100)[.962] —0.0037(.097)[.900]

Bio=1  0.0015(.054)[.951] —0.0002(.056)[.950]  0.0000(.054)[.947]  0.0011(.047)[.992] —0.0035(.042)[.930]

Bap=1  0.0035(.052)[.945]  0.0015(.057)[.961]  0.0019(.052)[.944]  0.0001(.013)[.999]  0.0116(.060)[.840]
W,

apg =05 —0.0036(.056)[.965] —0.0004(.071)[.955] —0.0042(.056)[.963] —0.0039(.058)[.958]  0.0005(.050)[.980]

o=—1  0.0071(.104)[.931]  0.0074(.108)[.962]  0.0073(.111)[.909]  0.0075(.104)[.946] —0.0026(.086)[.970]

Blo=1  0.0010(.057)[.948]  0.0010(.059)[.948]  0.0003(.057)[.945]  0.0009(.056)[.891]  0.0027(.041)[.960]

Bao=1 —0.0019(.044)[.972] —0.0016(.045)[.971] —0.0033(.044)[.970]  0.0011(.044)[.989] —0.0061(.050)[.970]
W,

ap =05  0.0016(.058)[.937] —0.0006(.062)[.963]  0.0002(.058)[.936] —0.0111(.095)[.892]  0.0056(.047)[.900]

=1 0.0075(.103)[.924]  0.0060(.102)[.962]  0.0058(.109)[.907]  0.0174(.125)[.976] —0.0143(.098)[.890]

Bio=1  0.0002(.060)[.935] —0.0004(.063)[.939] —0.0012(.061)[.930]  0.0002(.054)[.993]  0.0016(.041)[.920]

Bao=1  0.0030(.059)[.937]  0.0012(.064)[.956]  0.0016(.059)[.935]  0.0000(.014)[.999]  0.0072(.047)[.900]
W,

ap=—2  0.0033(.068)[.953]  0.0027(.091)[.941]  0.0031(.067)[.954]  0.0049(.069)[.883] —0.0096(.061)[.999]

o=—1  0.0018(.094)[.935]  0.0093(.105)[.956] —0.0015(.095)[.930]  0.0008(.094)[.945] —0.0129(.090)[.930]

Blo=1  0.0016(.054)[.942]  0.0019(.057)[.948]  0.0011(.055)[.945]  0.0023(.053)[.945]  0.0051(.039)[.980]

Bag=1 —0.0020(.048)[.955] —0.0022(.052)[.947] —0.0034(.049)[.954]  0.0000(.048)[.995] —0.0063(.045)[.960]
W,

ap=—2  0.0001(.052)[.958] —0.0028(.061)[.960] —0.0029(.053)[.955] —0.0062(.074)[.900] —0.0017(.054)[.920]

=1 0.0117(.091)[.928]  0.0100(.095)[.946]  0.0078(.092)[.927]  0.0147(.097)[.948] —0.0012(.089)[.940]

Bio=1  0.0023(.059)[.939]  0.0013(.062)[.956]  0.0010(.060)[.940]  0.0028(.058)[.992]  0.0001(.038)[.980]

Bao=1  0.0012(.052)[.957] —0.0011(.061)[.960] —0.0018(.052)[.954] —0.0001(.013)[.999]  0.0009(.054)[.890]
W,

ap =05  0.0069(.074)[.951]  0.0082(.094)[.9040]  0.0074(.074)[.947]  0.0086(.076)[.843]  0.0086(.059)[.980]

o=—1 —0.0007(.099)[.923]  0.0043(.105)[.949] —0.0036(.100)[.918] —0.0016(.099)[.943]  0.0074(.089)[.930]

Bio=1 —0.0024(.056)[.943] —0.0017(.059)[.955] —0.0028(.056)[.945] —0.0011(.055)[.926]  0.0055(.036)[.970]

Bap=1  0.0004(.050)[.954]  0.0014(.051)[.948] —0.0008(.050)[.951]  0.0021(.049)[.999] —0.0061(.049)[.930]
W,

ag =05  0.0030(.056)[.942] —0.0039(.065)[.954] —0.0004(.057)[.945]  0.0009(.073)[.871]  0.0068(.059)[.880]

=1 0.0048(.088)[.947]  0.0069(.092)[.955]  0.0009(.089)[.947]  0.0053(.092)[.963]  0.0079(.084)[.930]

Bo=1  0.0037(.055)[.944]  0.0030(.058)[.944]  0.0022(.055)[.942]  0.0033(.052)[.992]  0.0019(.034)[.990]

Bap=1  0.0042(.056)[.935] —0.0017(.062)[.951]  0.0010(.056)[.936]  0.0001(.013)[.999]  0.0102(.054)[.880]

Notes: We report the bias (RMSE) [95% coverage ratio].

o1



Table 9: Estimation results under heteroskedasticity with ~; = exp(0.1 + 0.35X3;)

QMLE IGMME RGMME ME RBE
W,
ap=—2 —0.0023(.050)[.942] —0.0006(.060)[.958] —0.0025(.050)[.941]  —0.0019(.051)[.941]  0.0062(.040)[.960]
o=—1  0.0035(.092)[.952]  0.0056(.106)[.952]  0.0028(.093)[.950]  0.0031(.093)[.955] —0.0031(.094)[.910]
Blo=1 —0.0001(.050)[.942] —0.0009(.052)[.947] —0.0005(.050)[.942]  —0.0004(.047)[.933] —0.0062(.032)[.990]
Bao=1  0.0004(.045)[.933]  0.0005(.047)[.925]  0.0000(.045)[.932]  0.0025(.045)[.969]  0.0031(.045)[.920]
W,
ap=—2  0.0008(.046)[.954]  0.0002(.050)[.955]  0.0012(.046)[.956]  —0.0016(.056)[.933] —0.0003(.043)[.940]
=1 0.0087(.093)[.925]  0.0063(.098)[.938]  0.0060(.093)[.932]  0.0107(.100)[.940] —0.0071(.078)[.950]
Bio=1  0.0000(.048)[.942] —0.0004(.050)[.945]  0.0001(.048)[.941]  0.0005(.041)[.993] —0.0039(.036)[.920]
Bao = 0.0017(.047)[.945]  0.0013(.051)[.949]  0.0021(.047)[.944]  0.0000(.011)[1.000]  0.0008(.044)[.950]
W,
ap =05  0.0029(.049)[.960]  0.0023(.059)[.970]  0.0028(.049)[.963]  0.0026(.050)[.948] —0.0027(.054)[.890]
o=—1  0.0015(.093)[.942]  0.0061(.107)[.948]  0.0014(.094)[.943]  0.0019(.093)[.947]  0.0035(.091)[.930]
Bio=1 —0.0021(.047)[.958] —0.0017(.049)[.958] —0.0027(.047)[.957] —0.0011(.046)[.924] —0.0011(.038)[.970]
Bao = 0.0011(.042)[.943]  0.0012(.043)[.939]  0.0007(.042)[.944]  0.0031(.042)[.982]  0.0061(.043)[.980]
W,
ap =05 —0.0008(.048)[.948] —0.0018(.055)[.953] —0.0003(.048)[.952]  —0.0029(.069)[.897] —0.0097(.046)[.930]
=1 0.0087(.090)[.950]  0.0056(.099)[.946]  0.0064(.090)[.949]  0.0102(.102)[.968]  0.0050(.092)[.900]
Bio=1  0.0006(.049)[.956]  0.0003(.051)[.951]  0.0006(.049)[.953]  0.0015(.044)[.994] —0.0019(.037)[.930]
Bao=1  0.0001(.051)[.942] —0.0006(.057)[.950]  0.0007(.051)[.940] —0.0001(.013)[1.000] —0.0066(.043)[.950]
W
ap=—2  0.0006(.059)[.961]  0.0008(.073)[.968]  0.0001(.059)[.962]  0.0009(.061)[.858] —0.0029(.064)[.910]
To=—1  0.0058(.084)[953]  0.0116(.098)[.953]  0.0054(.084)[956]  0.0057(.085)[.962] —0.0072(.098)[.930]
Bio = 0.0023(.045)[.952]  0.0025(.047)[.961]  0.0017(.045)[.951]  0.0027(.044)[.955]  0.0062(.034)[.980]
Bog =1 —0.0003(.047)[.929] —0.0004(.049)[.934] —0.0011(.047)[.931] 0.0013(.047)[.989] 0.0085(.044)[.950]
W
ap=—2 —0.0025(.047)[.957] —0.0029(.055)[.957] —0.0022(.047)[.954] —0.0045(.062)[.890]  0.0039(.044)[.940]
o= 0.0130(.084)[.943]  0.0090(.090)[.948]  0.0093(.083)[.949]  0.0135(.088)[.948] —0.0092(.087)[.920]
Bio=1 —0.0019(.048)[.955] —0.0031(.051)[.955] —0.0023(.048)[.953] —0.0009(.047)[.993] —0.0045(.036)[.930]
Bao=1 —0.0010(.048)[.937] —0.0010(.056)[.947] —0.0008(.048)[.941]  0.0004(.011)[1.000]  0.0056(.046)[.930]
W
ap =05 —0.0005(.059)[.964] —0.0014(.073)[.961] —0.0013(.059)[.964] —0.0013(.061)[.874]  0.0059(.057)[.950]
m=—1  0.0015(.087)[.949]  0.0074(.098)[.950]  0.0013(.088)[.946]  0.0021(.088)[.945]  0.0092(.093)[.940]
Bio=1 —0.0017(.048)[.957] —0.0011(.051)[953] —0.0019(.048)[.958] —0.0015(.047)[.932]  0.0003(.036)[.940]
Bao=1  0.0010(.043)[.946]  0.0008(.045)[.945]  0.0001(.043)[.947]  0.0029(.043)[.995]  0.0003(.050)[.900]
W
ap =05 —0.0012(.048)[.948] —0.0022(.057)[.953] —0.0015(.048)[.954]  —0.0037(.068)[.846] —0.0058(.043)[.940]
=1 0.0098(.082)[.948]  0.0056(.087)[.961]  0.0066(.082)[.951]  0.0109(.088)[.963]  0.0054(.078)[.970]
Bio=1 —0.0004(.046)[.945]  0.0008(.048)[.955] —0.0008(.046)[.947]  0.0005(.043)[.994]  0.0004(.032)[.970]
Bao=1 —0.0004(.048)[.948] —0.0009(.055)[.949] —0.0008(.047)[.947] —0.0003(.012)[1.000] —0.0045(.043)[.910]

Notes: We report the bias (RMSE) [95% coverage ratio].
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12 Conclusion and outlook

In this article, we provided an extensive review of cross-sectional MESS models. We mainly focused
on the first-order MESS model to discuss specification, estimation, model selection, and interpretation
issues. The primary characteristic of a MESS-type model lies in its use of matrix exponential terms to
specify spatial dependence in both the dependent variable and the disturbance terms. These models

possess several distinctive properties.

The power series representation of a matrix exponential term indicates an exponential decay of

spatial dependence in these models.

e The reduced forms of MESS-type models always exist and do not require any restrictions on the
parameter space of spatial parameters. The reduced forms of these models imply an exponential

decay for the influence of high-order neighboring characteristics.

e The likelihood functions of these types of models are free of any Jacobian terms that must be

computed at each iteration during the estimation process.

e When the spatial weights matrices are commutative, the QMLESs of these types of models can

be consistent under an unknown form of heteroskedasticity.

e When the spatial weights matrices are not commutative, the QMLE can be inconsistent under
an unknown form of heteroskedasticity. In such cases, a heteroskedasticity-robust estimation is

required.

e The MESS and SAR models are not perfect substitutes because these two classes of models
are non-nested. In practice, non-nested model selection procedures such as the J-test statistic,
the Vuong-type model selection statistic, or Bayesian methods based on the marginal likelihood

functions should be used for model selection exercises.

We provided a comprehensive description of various estimation methods, including the QML approach,
the M-estimation approach, the GMM approach, and the Bayesian estimation approach. This detailed
overview may enable practitioners to select and adapt a method that aligns with their specific needs.
Additionally, we addressed estimation in the presence of endogenous explanatory variables and Durbin
terms. We also discussed model selection methods based on testing, information criteria, and marginal
likelihood approaches.

In future studies, it might be interesting to consider the MESS in a social interactions scenario,
and compare its implications with the SAR-type social interaction models. As the QMLE of the
MESS can still remain consistent under an unknown form of heteroskedasticity, allowing for such

heteroskedasticity in a social interactions model would be a significant contribution. The performance
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of model selection procedures such as the J-test statistic, the Vuong-type model selection statistic,
the Cox test statistics, and Bayesian methods based on the marginal likelihood functions should be
assessed in future studies for non-nested model selection problems between the MESS and SAR models
through both simulation studies and empirical applications. We also think that the literature on
nonlinear spatial models, such as the spatial extensions of the limited dependent variable data models,
still holds some open questions, and estimation strategies for the the MESS-type limited dependent
variable data models must be studied carefully. Finally, although the matrix-vector product approach
to compute the matrix exponential terms can reduce the computation time significantly, we think that

a faster and more reliable computation approach would be a significant contribution to the literature.
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Appendix

A Useful Lemmas

In this section, we collect some lemmas that are required for our asymptotic results in Theorems 5.1-
5.3 on the M-estimator. Lemma 1 can be found in Kelejian and Prucha (1999) and Lee (2002). The
homoskedastic and heteroskedastic versions of Lemma 2 can be found in Lee (2007) and Lin and Lee
(2010), respectively. Lemma 3 can be found in Debarsy et al. (2015), Lemma 4 gives a CLT result
from Kelejian and Prucha (2010), and Lemma 5 is a modified version of Lemma A.4 in Yang (2018).

Lemma 1. Let {A} and {B} be two sequences of nxn matrices that are uniformly bounded in both row
sum and column sum matriz norms. Let {C} be a sequence of conformable matrices whose elements

are uniformly O(h, '), where the rate sequence {h,} can be bounded or divergent. Then,

(a) the sequence {AB} are uniformly bounded in both row sum and column sum matriz norms,
(b) the elements of {A} are uniformly bounded and tr(A) = O(n), and
(c) the elements of {AC} and {CA} are uniformly O(h,;1).

Lemma 2. Let {V} be a sequence of random n x 1 column vectors, ¢ be the n x 1 vector of constants,
and {A} and {B} be two sequences of n X n matrices of constants. Let vecp (A) be a column vector

formed by the diagonal elements of A, and A®> = A + A’.

1. Homoskedastic case: Suppose that the elements of V satisfy v; ~ i.i.d.(0,08). Let E(v}) = us
and E(v}) = pa. Then, we have the following results:
(a) E(AV - V'BV) = usAvecp(B),
(b) E(V'AV - V'B) = pzvecy,(A)B, and
(c) E(V'AV - V'BV) = (ug — 303) vecp (A) vecp (B) + o (tr(A)tr(B) + tr (AB?)).
2. Heteroskedastic case: Suppose V has elements that are independently distributed (i.n.i.d.)
with v; ~ i.n.i.d.(0,02). Let ¥ = Diag(c?,...,02). Then, we have the following results:
(a) E(V'AV) = tr (ZA),

(b) E(V'AV - c'V) = 30 E(v})aiici, where a;; is the (i,i)th element of A and c; is the ith

element of ¢, and

(¢c) E(VAV - V'BV) = 37 a;:bi(E(vf) — 30}) + tr(ZA)tr(ZB) + tr(ZAZB?).

If the diagonal elements of A are zeros, then these results take the following form:
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(a) E(V'AV) =0,
(b) E(V'AV -c'V) =0, and

(¢c) E(V'AV.V'BV) = tr(ZAXB?).

Lemma 3. Let A be any n X n matrixz that is uniformly bounded in row sum and column sum matriz
norms, and let a = o,(1). Then, He“A - I"Hoo = op(1) and HeaA - InH1 = 0p(1), where || - || denotes

the row sum matriz norm, and || - ||1 denotes the column sum matriz norm.

Lemma 4. Suppose that {A} is a sequence of n x n matrices uniformly bounded in both row sum and

1

) X 2
column sum matriz norms, {c} is a sequence of constant column vectors such that sup,, - el <

oo for some ny > 0, v; in V are independent random variables with mean zero and variance 012 and
sup; E(|vi] ") < oo for some na > 0. Denote 0% = Var (Z), where Z = ¢!’V +V' AV —tr (AX) where

> = Diag(o?,...,02). Assume that %0% is bounded away from zero. Then % SN N(0,1).

rTn

Lemma 5. Let {A} be a sequence of n x n matrices that are bounded in both row sum and column
sum matriz norms. Suppose also that the elements of A are O (hgl), uniformly. Let ¢ be an n X 1
vector with elements of the uniform order O(h;l/z). Assume that the elements of the n x 1 innovation

vector V have zero mean and finite variance, and are mutually independent. Then,
(1) E(V'AV) = O (n/hy,), Var(V'AV) = O (n/h,),

(2) V'AV = 0, (n/hy), V'AV — E(V'AV) = O, ((n/h,)"?), and ¢ AV = O, ((n/h,)"?).

B Assumptions for the M-Estimator

To investigate the asymptotic properties of é u stated in Theorems 5.1-5.3, we maintain the following

assumptions.

Assumption 3. The spatial weights matrices W and M are uniformly bounded in both row sum and

column sum matrix norms.

Assumption 4. There exists a constant ¢ > 0 such that |A\| < ¢ and |p| < ¢, and the true parameter

vector o lies in the interior of A = [—c¢,c] X [—c,].

Assumption 5. X is exogenous, with uniformly bounded elements, and has full column rank. Also,

. / / . . . . .
lim,, s %X ePM ePMX exists and is nonsingular, uniformly in p € [—c, c].

Assumption 6. inf¢. 4¢ ¢))>0 HS’*C(C)H > 0 for every ¥ > 0, where d(¢, o) is a measure of distance

between ¢ and .
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Assumption 3 provides the essential properties of the spatial weights matrices. It ensures that the
spatial correlation is limited to a manageable degree (Kelejian and Prucha, 2001, 2010). Assumption 4
requires that the parameter space of the parameters in the matrix exponential terms is compact.
Assumption 3 and Assumption 4 imply that the matrix exponential terms are uniformly bounded in
both row sum and column sum matrix norms. This can be seen from He)‘WH = |2, AW /Z'H <
S0 MW /it = eMIWIE which is bounded if |A| and |[W|| are bounded, where || - || is either the
row sum or the column sum matrix norm. Assumption 5 provides some regularity conditions and
corresponds to Assumption 4 of Debarsy et al. (2015). Assumption 6 is a high-level assumption and
ensures the identification of 3. In Appendix C, we provide two low-level conditions that are sufficient

for Assumption 6.

C Proofs of Main Results

In this section, we provide the proofs of the main theorems in Section 5 of the paper.

C.1 Proof of Theorem 5.1

As discussed in the main paper, we only need to show the consistency of (f To that end, given

Assumption 5, we need to show that supeea 2 ||S*¢(¢) — 5*°(¢)|| == 0. Note that
V(¢) = V(Bur, ¢) = M(EVY — XBu) = Qp)eMMNY, (C.1)
and
V() = V(B ¢) = e™M(NVY — XPBur) = Q(p)e™MMWY + P(p)eMAN (Y ~E(Y)),  (C2)

where P(p) is the projection matrix based on ¢®MX and Q(p) = I, — P(p). Denote G(¢) =
MW and G(¢y) = ePoMeroW . Substituting (C.1) and (C.2) into S*¢(¢) and S*¢(¢), the proof
of supeena = [|S(¢) — 5 ()| 5 0 is equivalent to that of the following:

(i) supcea (Y/RZ-(C)Y _E (Y'Ri(C)Y)) = 0,(1), for i = 1,2,

(i) supcea Ltr (G (G)THOGH(G)) = o(1), for i = 1,2,3,

’ i

where the terms are defined as R1(¢) = G (Q)Wp(p)Q(p)G(C), R2(¢) = G (¢)Q(p)MQ(p)G(C),
T1(¢) = G (OWn(p)P(p)G(C), T2(¢) = G'(QP(p)G(¢) and T3(¢) = G'(¢)Q(p)M*P(p)G({).

Proof of (i). Note that (i) follows from the point-wise convergence of (YlRi(C)Y - E(Y/Ri(C)Y))
in each ¢ € A and stochastic equicontinuity of %Y/Ri(C)Y for + = 1,2. To prove the point-wise
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convergence, we have

~(YRAOY ~E(YR(O)Y))
= 25X AVR(OGT GV + (VG (G)RIOG (6)V ~ (PG (G)Ri(C)G T (60)))

Note that e*W'R;(¢)G~(¢o) and G~ (¢o)Ri(¢)G1(¢y) are uniformly bounded in row and column
sum norms for ¢ = 1,2 by Lemma 1. Thus, the terms on the r.h.s. are pointwise convergent by Lemma
5(2).

To prove the stochastic equicontinuity, by the mean value theorem, for any two parameter vectors

(1,2 € A, we have

OR(C)
o¢’

(Y'Ri(cl)Y —Y/Ri(Cg)Y> Y Y (¢1—¢2),

SEE

where ( is between ¢; and (o elementwise. Thus we need to prove that SUD¢ea 3 Ly’ aR ( )y = 0O,(1)
and supgca o Ly’ 8R( ROy — 0 »(1) for i = 1,2. Note that

M) wry() +RiOW. B _ Ry (¢) 4 o)W
PR _ MR(Q) + G (OWpDQIGE) + G OFD(HAUAEQ) + Ra(OM
0R2(C)

5y~ MR2(Q) + G QMG + G (OQ(IMQ()G(C) + Ra((M.

where Wp(p) = 22 = MW (p) — Wp(p)M — Diag (MW (p) — Wp(p)M) and Q(p) = 23%) =
—(Q(p)MP(p) + P(p)M Q(p)). By substituting the reduced form Y = e oW (X 3y + e MV) into
Y' 6Ra /\( )Y and Y aRa’[EC)Y for i = 1,2, we get a group of nonstochastic terms and linear and quadratic

forms in V. By Lemma 5, sup¢ea 7 lYlaR( )Y =0 p(1) and sup¢ea 1Y,8R( )y =0 »(1) for i =1,2.

Proof of (ii). Under Assumption 5, Lemma 1 ensures that %tr (ZG_ (€)Ti(¢)G (CO)) = o(1),
fori=1,2,3.

C.2 Proof of Theorem 5.2

ey —1
By the mean value theorem, /n(yy — v¥0) = — (%(‘)STY(,”) %S*(‘m), where 7 is between 4, and

~o elementwise. Thus we need to prove:

(i) —=S5"(%) 4N (0, imy 00 2(70)) ,

<

05" () _ 05%( '70)) = 0,(1), and

) (%
(as* (o) (85*(70))) = op(1).

oy

S|

111

S|
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Proof of (i). Note that the elements of S*(y) are linear-quadratic forms of V as shown in (5.10).
Then we can construct an (k 4 2) x 1 vector a = (a}, az,a3) such that a’'S*(yy) = b’V + V' BV,
where b’ = a/IX/epoM, —agﬂ(l)X/epOMlWD and B = —aoWp —asM. Then, %alS*('yo) is asymptotically
normal by Lemma 4. Then, the Cramer-Wold device leads to (i).

Proof of (ii). Let II(y) = —%82*77(7). Since Y = e W (X8 + e P*MV), all terms in the Hessian

matrix can be written in forms of functions in Lemma 5. By Lemma 5, we know that 2II(v) = O,(1),
which implies 2TI(¥) = O,(1). We can write AW = (AW _ oW 4 AW opM — (oPM _ opoM) 4 cpoM
and B = (B — Bo) + Bo, and then expand the terms in %H('y). By Lemma 5 and the reduced form
of Y, %Y/AY = Op(1) and %X,AY = Op(1), where A is an n x n matrix that is bounded in
both row and column sum matrix norms. Also note He:\w - e)‘WH = H(e(;\_’\o)w - In)e’\OWH <
H(e(;\_/\o)w - InHOO He’\OWHOO = 0p(1) by Lemma 3, and similarly HeO;M - epoMHoo = o0p(1). Thenoothe
expanded forms of 1 (IL(¥) — II(vo)) imply that it is op,(1).

Proof of (iii). Substituting the reduced form of Y into % <8S$7‘570) —-E (858*75,70))), we know that
each element is a linear or quadratic function of V. For example, for IT§ p(*yo),

T, (0) — B (TI5,(70)) = =B3X ™™ M'Wp(p)V = VM Wp(p)V +E (VM Wp(p)V)
— ByX MW (p)V — V'Wp(p)V + E (V’M’WD(p)V) — ByX MW () MV
~V'Wp(p)MV + E (V’WD(p)MV) .

By Lemma 5, 1 (Hip(')/o) —E (ij('yg))> = 0p(1). The proof for the rest of the terms are similar to
that for IT} (7o) and thus are omitted.

C.3 Proof of Theorem 5.3

Since the terms in €(vp) are similar to those in Proposition 5 in Debarsy et al. (2015), the proof is

similar to that of Proposition 5 and thus is omitted.

D Details of the Identification Conditions

The identification condition in Assumption 6 under the heteroskedastic error terms is a high level
assumption. In this section, we derive low level conditions for the identification of {y. Note that the
identification of ¢y requires that S*(¢) # 0 for ¢ # (o under the exact identification case, similar

to the method of moment approach. Also recall that the population counterpart of the concentrated
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adjusted score function is given by

0 { A —E(S_f:e*w’eﬁ_’M’WD<p>V<<)),
p: —E(VI(OMV(Q)).

where V(¢) = V(Bux(¢),¢). Also recall that (C.2) implies that
V() = Qp)G(QY + P(p)G(O(Y — E(Y)),

where G(¢) = eMe*W. Denote G = G((p). From the reduced form Y = e *WXgG; + G71V, we
know Y — E(Y) = G7!V. Then,

V(¢) = QG(QY +P(p)G()G'V
JG(C) (WX By + G-IV) + P()G(C)G1V

—
s

(P)G(C)e *WXBy + G(¢)G'V.
Then we have

E(V' (Q)Wn(p)V(C))

=B ((Q()G(Qe WXy + GG V) Wp(p) QG (C)e MW XBy + GG V)
= BeX e W' G (O)Q()WpQ(p)G(C)e VX By + E(V GG (OWp(p)G(C)G'V)
= BpX e V' G (O)Q()WpQ(p)G(¢)e VX By + tr(BG G (O)Wn(p)G(OG ).

Similarly E(V'(¢)MV(¢)) can be expressed as

E(V(OM(p)V(C))
= BeX e W' G (¢)Q()MQ(p)G(¢)e WX By + tr(BG VG (OMG(C)G ).

Thus, the identification of {y follows, if ¢ # {p, one of the following conditions holds:

1 /

(i) lim ~[BX eV G (O)Q(P)WpQ(p)G(¢)e WX By + tr(EG VG (C)Wp(p)G(O)G™)] # 0,

n—oo N

(i) lim

im. %[ﬁaxk‘w’G’<c>Q<p>MQ<p>G<c>e—A°WXﬁo + (GG (MGG #0.
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