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Abstract

In this paper, we focus on a model specification problem in spatial econometric models when an
empiricist needs to choose from a pool of candidates for the spatial weights matrix. We propose
a model selection (MS) procedure for the matrix exponential spatial specification (MESS), when
the true spatial weights matrix may not be in the set of candidate spatial weights matrices. We
show that the selection estimator is asymptotically optimal in the sense that asymptotically it is
as efficient as the infeasible estimator that uses the best candidate spatial weights matrix. The
proposed selection procedure is also consistent in the sense that when the data generating process
involves spatial effects, it chooses the true spatial weights matrix with probability approaching
one in large samples. We also propose a model averaging (MA) estimator that compromises
across a set of candidate models. We show that it is asymptotically optimal. We further flesh
out how to extend the proposed selection and averaging schemes to higher order specifications
and to the MESS with heteroskedasticity. Our Monte Carlo simulation results indicate that the
MS and MA estimators perform well in finite samples. We also illustrate the usefulness of the
proposed MS and MA schemes in a spatially augmented economic growth model.
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1 Introduction

Spatial econometric models have been widely used (i) to model spillover effects in economic growth,
international trade and foreign direct investment (Baltagi et al., 2007, 2008, [2016, 2017; Behrens
et al.; 2012, Desmet and Rossi-Hansberg, |2009; Ertur and Koch, 2007, 2011; Konig et al.,|2019; Lee
and Yu, 2012)), (ii) to model peer effects, social interactions and production networks (Acemoglu
et al., 2012} Bramoullé et al., [2009; Calvo-Armengol et al., 2009} Hsieh and Lee, [2016; Lee et al.,
2020; Lin, 2010; Patacchini and Zenou, [2016; Pesaran and Yang, 2020), and (iii) to model spatial
externalities (Bailey et al., [2016; Case, 1991; Kelejian and Piras, 2014; Kelejian et al., [2013). One
main problem an empiricist faces in spatial econometric models is how to specify the spatial weights
matrix (or the connectivity matrix) from a pool of candidates. Often it is the case that the spatial
weights matrix is specified in an ad-hoc manner, and an extensive sensitivity analysis is carried out
to justify the choice (Corrado and Fingleton, 2012).

In this paper, we focus on a model specification problem in terms of choosing a spatial weights
matrix from a pool of candidates for the matrix exponential spatial specification (MESS). We
propose a model selection (MS) procedure and show that the selection estimator is asymptotically
optimal in the sense that it is as efficient as the infeasible estimator that uses the best candidate
spatial weights matrix. Also, the proposed selection procedure chooses the true spatial weights
matrix with probability approaching one in large samples when the data generating process involves
spatial effects. We also propose a model averaging (MA) estimator that compromises across a set
of candidate models and show that it also retains the asymptotic optimality.

The spatial econometric literature on model specification has mainly focused on testing the
existence of spatial effects (Anselin, 1988} Anselin et al., [1996; Baltagi and Li, [2001; Baltagi and
Liu, |2016; Baltagi and Yang, 2013; Born and Breitung, 2011; Dogan et al., |2018; Kelejian and
Prucha, [2001; Lee and Yu, 2012; Tagpimnar et al., [2018). In terms of choosing across a set of non-
nested spatial effects, Anselin (1986) and Kelejian (2008) propose a J-test for spatial autoregressive
(SAR) specifications. Here, the alternative models involve alternative weights matrices and the
J-test utilizes whether or not the alternatives add to the explanatory power of the null model.
Several improvements have been suggested to the J-test (Burridge, 2012; Burridge and Fingleton,
2010; Kelejian and Piras, [2011). The main shortcoming of the J-test is the fact that rejecting the
null model based on the J-test does not suggest a formal way of choosing between the alternatives.
Jin and Lee (2013)) propose Cox-type tests of non-nested hypotheses for spatial autoregressive
specifications and show that the Cox-type and J-type tests for non-nested hypotheses are not
asymptotically equivalent under the null hypothesis. Similar to the J-test, there is no formal way
of choosing amongst a set of alternatives when the Cox-type test rejects the null hypothesis. Han
and Lee (2013) propose a J-test to choose between the MESS and SAR specification. The MESS
and SAR models are non-nested and imply differing rates of decay for the spatial correlations.

In spatial econometrics, the MS problem in terms of choosing among a set of candidate weights

matrices recently received some attention from the frequentist econometrics sideE] Zhang and Yu

'In the spatial econometric literature, there are also some studies using the Bayesian methods for the model



(2018) formally study the MS problem in terms of choosing a weights matrix for the SAR model.
They propose a MS procedure based on a Mallows type criterion function (Mallows, [1973)), and
show that their MS procedure is asymptotically optimal, and it is consistent when the true weights
matrix is in the set of candidatesﬂ They also propose a MA estimator and formally establish its
asymptotic optimality under certain conditions.

Our focus in this study, on the other hand, is the MS and MA procedures for the MESS models,
and specifically MESS(1,1) and MESS(p, q). Originally, the MESS was suggested by LeSage and
Pace (2007) as an alternative to the SAR type models because the likelihood estimation is greatly
simplified as its likelihood function does not involve any Jacobian terms. Furthermore, there is no
need to impose restrictions on the parameter space of the spatial parameters in the MESS, i.e.; a
MESS model always has a reduced form. The formal results for the maximum likelihood (ML) and
generalized method of moments (GMM) estimation of the MESS models are established in Debarsy
et al. (2015).

These attractive properties of the MESS models also make it more suitable for studying the
MS and MA problems relative to the SAR type models. First, since the likelihood functions of the
MESS type models do not involve any Jacobian terms, closed form expressions are available for some
complicated terms in the Mallows type criterion function that we propose. This feature also allows
us to extend our MS and MA procedures to higher order MESS models. Second, when the model
involves heteroskedasticity of an unknown form in the error terms, our analysis need not be altered
greatly as the (quasi) ML estimator remains consistent given that the spatial weights matrices are
commutative (Debarsy et al., 2015). When the spatial weights matrices are not commutative, we
suggest a robust GMM approach to form the Mallows type MS/MA criterion function. Despite
these advantages of the MESS type models, it is important to note that the formal analysis is more
difficult and complicated for the spatial models as opposed to the linear regression models, because
the MS and MA procedures involve the ML/GMM estimators that are nonlinear functions of the
outcome variable.

The remainder of this paper is organized as follows. Section [2| presents the model under con-
sideration and lays out the details on the likelihood based estimator along with some terms needed
in the construction of our suggested criterion function. Section [3| provides the details on the MS
procedure and formally establishes the asymptotic optimality and the consistency of the selection
estimator. Section [ introduces our suggested MA procedure and establishes its asymptotic opti-
mality. Section [5] shows how the proposed methods can be extended to higher order specifications,
and to the MESS with heteroskedastic error terms. Section [f] presents the setting for our simulation
study and the results. Section [7] shows how the proposed MS and MA schemes can be applied in
modeling spillover effects in a model of economic growth. We conclude in Section [§] with some

directions for future research. All technical details are collected in an appendix.

selection and model averaging procedures. Among others, see Debarsy and LeSage (2020), Han et al. (2017), LeSage
and Pace (2009), and LeSage (2014]).

2See Zhang and Yu (2018] p.2) for a discussion on the problems associated with the commonly used information
criteria AIC and BIC in choosing amongst a set of weights matrices in spatial models.



2 The matrix exponential specification

We consider the following cross-sectional MESS(1,1) model
eWy=XB+u, eMuy=e, (2.1)

where y = (y1,... ,yn)/ is the n x 1 vector of an outcome variable, X is the n X k matrix of
non-stochastic exogenous variables with the matching parameter vector 5, W and M are the n x n
spatial weights matrices of known constants with zero diagonal elements. We refer u = (uq, ... ,un)l
as the n x 1 vector of regression error terms and € = (eq, ..., en), as the n x 1 vector of idiosyncratic
errors (or innovations). We assume that ¢;’s are independent and identically distributed (i.i.d.)
with mean zero and variance o2. The scalar parameters o and 7 are called the spatial coefficients
that capture the intensity of interactions between observations. Let C° = I, for any an n x n matrix
C, where I, is the n x n identity matrix. Then, the matrix exponential function in is defined

as e?C =32, 0‘1,02 and is always invertible with inverse e~ (Chiu et al., 1996). Therefore, the

reduced form of the MESS(1,1) always exists and is given by
y=e WxXBteWe™e =y 1 ¢ (2.2)

where = E(y) = e WX and é = e We M,

We are interested in selecting a tuple of spatial weights matrices (W, M) from a set of candidate
weights matrices, W = {(Ws, M) : s € {1,2,...,5}}, where we allow S to increase as the sample
size n increasesﬁ The quasi log-likelihood function of based on the tuple (W, M) can be

expressed as

ls = —%ln2w02 — %‘2 [|e™™s (e*Wey — Xﬁ)HQ, (2.3)
where ||-|| denotes the Euclidean norm. Note that does not include the Jacobian terms, because
In|e?Ws| = In (ea“(WS)) =0 and In|e™:| = In (eTtr(MS)) = 0, where | - | denotes the determinant
operator, and tr(-) is the trace operator. This is one of the attractive properties of the MESS over
the SAR type models, because the maximization of does not involve the computation of the
n X n log-Jacobian termsﬁ As we will show, the simpler form of the MESS quasi log-likelihood

function also simplifies the derivation of some terms in our suggested selection criterion. For a

3Note that W includes all combinations. For example, if we had two candidate weights matrices A and B, then
the subscript s = 1 could correspond to (A4, A), s =2 to (A, B), s =3 to (B, A), and s =4 to (B, B).

4Another advantage is that the MESS has an unrestricted parameter space for the spatial coefficients o and 7.
On the other hand, for the SAR type models, the parameter space for the spatial coefficients have to be restricted
for stability. See Kelejian and Prucha (2010) on the parameter space specifications for the SAR type models.



given (@i, 7s) value, the first order conditions of (2.3) with respect to 8 and o2 yield

~

~ g = -1, L7 - ~
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n

Substituting (2.4) into 1, = e*a5WSXBS, we obtain

e e N —1 - N e - . ~ e
g =e %Wex (XleTsMSeTsMSX) XleTsMseTsMseo‘SwSy = ¢ @sWso=TsMs p oTsMs 0 Ws

= I'sY, (2.6)

~ ~ PN —1 N ’ ~ —~ ~ ~ -~ —~
where P, = ¢7sMs X (XlefsMsefsMSX) X'eTsMs and P, = e @sWseTsMs p oTsMs o0sWs - We will
use [, in constructing the loss function in the next section, which is the origin of the selection

criterion for the spatial weights matrices.

3 Spatial weights matrix selection

Our goal is to select the spatial weights matrices that minimize a certain criterion function. As such,
we follow the literature on the MS and MA problems (Hansen, 2007; Li, 1987; Wan et al., [2010;
Zhang and Yu, 2018) to determine a selection criterion function in our setting. Let Ly = ||fis — p||?
be the squared loss function, and let Ry = E ||fi, — p||> be the associated risk function. Using

=1y — €, we can express R as

~ 2 ~ ! /
Py — yH +2F <<Psy—y> g) +E (g g)

Pay— +28 ((ﬁsy)' v m) (@), (3.1)
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where (2 = o7¢ is the variance of y. We will select the spatial weights matrices

by minimizing a modified version of R;. To motivate the selection criterion function, assume further
that ¢;’s are normally distributed, and let z = Qfé(y — ). Then, we have

£ ((P)

’

1~ 1
(y—u)> :E<(ﬁsﬂéz+ﬁsu)lﬁéz> g 0(2iPaiz)

02
1~ 1 1~ 1
1~ 1 002 P02z da, 002 P02z 07,
_E(tr (QzP592)+tr< o az’) +tr (8%85))
= 0 0P . 07, 0P,
=E| tr | P;Q — 00— — 0 , 2
(r( )+ oy 8a5y+8y 67’sy> (3.2)



where the second equality follows from Lemma in Appendix Based on and (| ., we

propose the following Mallows C), type selection criterion function,

96, 0P, 07, OP ) 53)

Com [Pl 2 (1 ()« G Grngls

such that E(Cs) = Rs + tr(£2), where we need to determine gfs, ‘3]: 2 %o; and 873 Then, from the
definition of 153, it follows that

oP, -

aa: = —WPs + P;Ws, (3.4)

OPs _  _aw. 7M. NE FsM, 3sW,s

5. = ¢ e Py(Ms + M,)Gse e , (3.5)
Ts

c

where G s=1In— P s and I, is the n x n identity matrix. By using the implicit differentiation on géz

and gfg where [¢ is the concentrated log-likelihood function associated with (2.3), we can determine

8801‘/5 and 875 Since the log-likelihood function of the MESS does not involve the Jacobian terms,

the closed forms for these expressions can be conveniently obtained. As shown in Appendix [B] we

have

~ - _ 2
0as 2a1 A1 — HGSersMseaSWSyH (Ag + Ag)

OU 902 _ I( e Ms i Wan||2 ' (3.6)
Y 207 — ||GseTsMsesWs as + as
1 Yy
~ . R 2
o 201 By - 2||GyeTMecm Wy | 3
S
873/ =- P ~ 5 ; (3.7)
_ HGseTsMseasWsy ’ (2b2 + b3)
where
;) o~ N AN - , ;) o~ N AN .
a1 =y W TsMs G oTsMs W7y g =y Wseo‘sws eTsMs G T Ms O Wa gy gy
o~ 1 VAN —~ ~ AN /I~ o~ ~
as =y eocsWS eTsMSGseTsMseasWSWSQy, Al — eaSWS eTSMSGseTSMseaSWSy,

~ I /AN —~ ;) o~ AN I~ ~ ~
Ay = ¥WseTsMs G oTsMsg@sWspyr - Ag = Wseo‘swseTsMSGSeTsMSe%WSy,

5Note that P, is derived for a given (&s,7s) value. Thus, we assume that this term is a non-random variable in
applying Lemma, E in Appendix E
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L 90 = 9P and GG = —e 8 Woe T M (P(M, + M)(GaM, — 92) + (35 — M,P.)(M, +

M,)G)e =M e®sWs, Then, given an estimator ﬂﬂ our feasible selection criterion function is conse-

Here

quently given by

Pa- o +2(w(P0) + a0+ 207 ). 59

Cs = oy’ Oag oy’ O?Sy

~ ‘

Using ag, the selected model is defined in the following way.
s =argmingg g} Cs. (3.9)

Remark 1. Consider the following linear regression model: y; = p; + €;, where p; = :E;ﬁ for
i=1,....,n. Let X = (x1,... ,xn)/ and consider our criterion function in . In the context
of this model, (i) P, reduces to P, where P = X(X X)7 X", (ii) Q reduces to oI, and (iii)
80‘59613 8“(2813 = 0. Thus, our criterion function in reduces to the Mallows C),
formula (Mallows, 1973) given by |Py —y||2 +2ko?. Let i = Py = X (X X)~'X'y be an estimator
of = (pt1y- - pin), and y? be ii.d.(ui,0%) for i = 1,...,n. Define Err; = E(y? — fi;)? and
Errt = E(y? — p;)%. Then,

Brry = E(y} — i + pi — pi)” = E(y] — p)® + E(R; — mi)” — 2B(8; — pa) (4 — 1)
= Erri + R —2Cov(li;, vi),

where R = E(fi; — p1;)? is the risk function. Hence, R = (Err; — Errf) + 2Cov(i;, y;), where the
first term is the prediction accuracy. In order to unbiasedly estimate R, we need to account for the
covariance term 2Cov(1i;, yi) as well, and the second term in (3.3) serves to this purpose (Mallows,
1973).

Let (W*,M*) be the true spatial weights matrices. We will first assume that W does not

SFollowing Zhang and Yu (2018)), we use the plug-in estimator of 0 given by Q= Gle @ Ws o= TsMs g=Ts My g =W

. . ~2 o~ =~ .
in our analysis, where 535, @, and 7, are the estimators of o2, s and 75, respectively.

TsM

s



include (W*, M*), and establish the asymptotic optimality of our selection procedure defined
in . Assume that as and 7, have the probability limits o and 77, respectively. Denote
P = P |Gs=az =y s = PJy, Ry = E |y _/14”2 and ¢, = infeeqy sy RS- Let Ymin(A4) and

Ymax(A) be the minimum and maximum eigenvalues of a matrix A, respectively. For notational

s :Ts

convenience, let inf (sup,) denote the infimum (supremum) over s € {1,...,S}. We make the

following assumptions.

Assumption 1. The spatial weights matrices {W'} and {M} are bounded in both row and column

sum norms.

Assumption 2. The parameter space for o and T is a compact subset of R? and includes o and

T*.

Assumption 3. (i) The matriz X has full column rank and its elements are uniformly bounded

constants. (i) For all values of T in its compact parameter space, (a) lim,_oo X €™ e™ X /n

exists and is non-singular, and (b) Ymin(e™ ™) is bounded away from zero uniformly.

Assumption 4. ¢;’s are i.i.d. with mean zero and variance o, and E(e}¥) exists, where G is

defined in Assumption [3
Assumption 5. There exists a positive integer G > 1 such that ZSSZI(R;‘)_G = o(1).

Assumption 6. ||u||?> = O(n).

Bas Q 8Pg

Assumption 7. (! sup, y‘ = 0p(1) and ¢, sup, aTSQaP*y‘ = op(1).

Assumption 8. (k= o(1) and n¢; ' sup, Ymax(Ps — PF) = op(1).

Assumption |1} is a standard assumption adopted in the spatial econometric literature (Kelejian

and Prucha, 1998, [2010; Lee, 2003). It allows for limiting the spatial correlations between units SO

that the asymptotic analysis becomes manageable. Assumption [2| ensures that e®"V and e™ are
bounded in both row and column sum norms. This can be seen from HeO‘WH ‘ZOO C”Wl <
Z;’iow = €ldlWl is bounded if |a| is bounded, where || - || is either the maximum row

sum norm or the maximum column sum norm. Similarly, HeTWH is bounded if |7| is bounded.
Assumption [3| is a standard assumption adopted for the MESS, see e.g., Debarsy et al. (2015).
Assumption [ is also a standard assumption adopted in the literature on spatial econometrics, see
e.g., Kelejian and Prucha (1998}, [2010) and Lee (2003, 2004)). It is used to show that some quadratic
forms of the error terms required in the analysis are bounded in probability. This assumption is
also common in the literature on the model selection optimality (Li, 1987; Zhang and Yu, 2018]).
We use this moment condition to bound linear and quadratic terms of € in probability by Whittle’s
inequality (Whittle, |1960). Assumption |§| requires that y p/n = O(1), which is also a common
condition assumed in the model selection and model averaging literature (Liang et al., 2011; Zhang
and Yu, 2018).



To understand Assumption we can use (3.4) and (3.6]) to express gjf QggZy as

<2a1A1 - H@se?sMseasWsy (AQ + A3)) ﬁ <_st)sy + ﬁsWsy)

— — . (3.10)
2&% _ HGseTsMseasvvsy ‘ (a2 + a3)

)2

a5 ~ 0P,
oy 0,

Our Assumptions [1] and [2] ensure that Q = Op(1). All other terms in (3.10) are either linear or
quadratic terms in y. These terms are Op(n) under some regularity conditions, e.g., see Debarsy et
al. (2015)). Hence, it follows that gifﬁggzy = Op(n). Thus, Assumption Will be satisfied if ¢, 1 =
o(1/n). The second part of Assumption [7| can be justified similarly. The first part of Assumption

is a common assumption in the literature on model averaging (Liu and Okui, |2013; Zhang and
Yu, 2018)). So long as n increases faster than k, our Assumptions ensures that ¢, 'k = o(1)
in our setting The second part of Assumption [8 shows that the term (! sup, 'ymaac(ﬁs — PY)
converges to zero in probability at a rate faster than n. This is also a common assumption in the
model averaging literature (Zhang et al., 2014). Under our Assumptions it can be shown that
|7~ P

= 0p(1), where || - || can be either the maximum row sum norm or the maximum column

sum norm, which implies that sup, Ymaz(Ps — P¥) = op(l) Hence, Assumption requires that
¢! = o(1/n), which is consistent with the order required by Assumption

Theorem 1. Assume that Assumptions[IH8 hold. Then, for any n > 0, it follows that

lim P <
n—oo

The proof of Theorem [1] is given in Appendix Theorem [1] indicates that the squared loss

function of our selected iz estimator is asymptotically identical to the squared loss function of

L;
,5—1>n>:a 3.11
1nfs€{1,...,S} Ly ‘ ( )

the infeasible estimator that uses the best candidate spatial weight matrix. That is, the selection
estimator iz is asymptotically optimal in the sense that it is as efficient as the infeasible estimator
that uses the best candidate spatial weights matrix.

Next, we assume that W includes (W*, M*) and show that our selection procedure defined in
(3.9) is selection consistent. Let S be the index set of spatial weight matrices excluding the true
tuple (W*, M*), ie., S ={se{l,...,5}: (Ws, Mg) # (W*, M*)}. Define ¢} = infses R;. Then,

our selection consistency result requires the following assumption.

"Note that we can write R} as R = E||juf — p|® = te(PXQPS ) + |H:p||?, where H: = I, — PF. Using some
arguments given in the proof of Theorem it can be shown that R = O(n 4+ k). Thus, {; 'k = O(k/(n+k)) = o(1)
if n/k — 0.

~ ~ X " ~ - « «
8Note that we can write e®"W = (%W — %W ) 4 W and ™M = (™M _e™sM) 4 M Also

= H (e<a5_a;>w — In) eV < H (e(as—a;)w — In) e“:WH = 0p(1) by Lemmas and
1 1 1

in Appendix , where || - ||1 is the maximum column sum matrix norm. Similarly, He?sM — eTs*MH = 0p(1). These
1

= 0p(1).

1

a. W _ ea:W

e ‘
1

observations can be used to show that ‘ P, — P;




Assumption 9. If S is not empty, then we have (i) sup, aa*Qgg: /G = op(1) and sup, aanJ::
op(1), (ii) nsup, Vnax(Ps — PF)/CE = 0p(1), and (iii) kn=1/? = o(1) and (;'n = o(1).

The first and second part in Assumption [0] provide the counterparts of those conditions stated
in Assumptions [7|and [8] The third part requires that (i) £ may increase at a rate slower than nt/2,
and (ii) ¢} may increase at a rate faster than n. These rates play an important role in bounding

certain terms in our proof of selection consistency result.

Theorem 2. Assume that Assumptions and[9 hold. Then, P (W5, Mz) = (W*, M*)) — 1

as n — 0.

The proof of Theorem [2] is provided in Appendix [E:2] Theorem [2] indicates that our selection
procedure in (3.9) is selection consistent in the sense that it chooses the true tuple of weights

matrices with probability approaching to one in large samples.

4 Model averaging procedure

Instead of selecting the asymptotically optimal model, we can use a model averaging scheme that
compromises across a set of candidate models for the MESS(1,1). Compared with the model
selection procedure in Section [3] the model averaging method can provide insurance against se-
lecting an inappropriate model, and can reduce the risk associated with the loss function (Hansen,
2014). Denote the vector of model weights by w = (w1, ...,wg) , and the set of model weights
vectors by N = {w €[0,1]%: ZSSZI ws = 1}. Let P(w) = Zsszl ws P; be the weighted average of

{]31, ey ]35} Then, the model average estimator for y is given by

S S
= Zwsﬁs = ZwSPSy = P(w)y. (4.1)
s=1 s=1

The associated squared loss and its expectation are L(w) = ||fi(w) — p||* and R(w) = E ||fi(w) — p?,

respectively. Then, we consider the following model weights choice criterion function,

C(w) = HP w)y — yH +2 <tr( ) +25:w8 <(%df 813 y+ g;sﬂg%y>> . (4.2)

Similar to Cs in (3.3), we can show that E (C(w)) = R(w) + tr(2) by using Lemma in Ap-
pendix The first term in (4.2)) is a measure of goodness of fit. The second term is an unbiased
estimator of 2Cov (i(w),y), which can be called as the degrees of freedom of model averaging.

Given an estimator €2, our feasible model weights choice criterion function can be expressed as

a(w) = Hﬁ(w)y — yH2 +2 <tr (ﬁ(w)ﬁ) + iws <(;&y\fﬁgiy + szﬁ(;f:y>> . (4.3)

/G =



The optimal model weights vector is thus given by
W = argmin,c \r C(w). (4.4)

We can express C (w) in a convenient form. Define Q = (ﬁly — Yy, ﬁgy — y) and

x(B) + 2080y + 080y
tr(ﬁQQ) + 6&2Q8P2y + 8T298P2y

¢ = oy 00T oy IR (4.5)

tr(PsS) + WSnggy + 3TSng§

Then, we can express as é(w) = w/Q/Qw + 2w/q, which indicates that the optimization
problem in is a quadratic programming (or a quadratic optimization) problem. Optimization
of a quadratic form subject to some constraints is a well-studied area of numerical optimization,
and numerical solvers are available in popular statistical software such as Python, R and Matlab.
Next, we will show that our MA estimator that uses is asymptotically optimal in the
sense that its associated squared loss is asymptotically equivalent to the smallest squared loss.
Let R*(w) = E stzl Wsllgla,—ax 7y=7r — ,uH2 and G, = infyen R*(w). To show the asymptotic

optimality of the averaging estimator u(w), we adopt the following assumption.

Assumption 10. (i) There exists a positive integer G such that SC,%C Zf L(RHE = o(1), (ii)

C sup, aa*QMD‘ = 0p(1) and @;1 sup, g&ﬁg};y = op(1), (ii1) f,;lk =o(1) and nCn sup, *ymaX(PS
Py = Op(l)

The first part of Assumption is a key assumption and is common in the model averaging
literature (Liu and Okui, 2013; Wan et al., [2010). Similar to our analysis in model selection, this
part allows us to determine the probability orders of terms that are linear and quadratic in € through
the generalized Chebyshev’s inequality and Whittle’s inequality. It implicitly assumes a trade-off
between the number of models allowed and the fit of individual models. The rest of Assumption

provides conditions that are counterparts to those adopted in Assumptions [7] and

Theorem 3. Assume that Assumptions[IH4, [6 and[I0 hold. Then, for any n > 0, it follows that

. L(w) _
am P ( infuen L(w) 1‘ ” 77) =0 (46)

The proof of Theorem [3|is provided in Appendix Similar to the model selection procedure
presented in Section 3, Theorem [3] indicates that the model averaging estimator is also asymptot-
ically optimal. Since inf,ecn L(w) < infy Ly, the model averaging procedure can be superior over

the model selection procedure in the sense that it could possibly reduce the squared loss.
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5 Extensions

Before we consider some extensions of our model specification, it is easy to see that our results are
also valid for two special cases of MESS(1, 1), namely, MESS(1,0) and MESS(0,1). In Appendix
we provide the required quantities for the model selection and averaging procedures for these special
cases. Next, we consider two important extensions of our model, and show how our suggested
criterion functions can be formulated for these extensions. In the first extension, we consider a
higher-order MESS model and derive the associated selection and weight choice criterion functions.
In the second extension, we show how our analysis should be modified when the disturbance terms
are heteroskedastic. We also show how to derive the selection and weight choice criterion functions

in a heteroskedasticity-robust GMM framework.

5.1 The higher-order MESS
A high-order MESS model, namely MESS(p, q), can be formulated in the following way
ei=1 aiWiy — X8 + u, ei=1TiMiy, — €, (5.1)

where {W;}r_, and {M;}!_; are the spatial weights matrices, and {a;}!_; and {r;}{_, are the

unknown scalar spatial parameters. Here, we have y = E(y) = e~ YW x S and

P q A q A P /
O = g2e™ > ie1 aiW; o= 21 TiM; e~ i TiM; e~ D i W .

Let Wi and M be the ith and jth spatial weights matrices of the MESS(p, ¢) in the sth model
with corresponding coefficients o’ and . Then, the quasi log-likelihood function for the model s

can be expressed as
, ; 2
ly = —5111271'0' - — H e miMi (eXim1@iWay Xﬁ)H . (52)

The estimator for p; is

. v . . X N
N _ P~ . q ~jrgd q =J asd q =3 ppd q ’\J J P~
Ly =€ D i1 a§W§X <X’€Zj_lTsMS €Zj:1TsMs X) X,€Zj:ITsMS elij=1T M i= 10¢ZW§y

— e~ X AWl T TMgPe = A{‘;Mgezf aZWSy—PSy, (5.3)

where P, — e Xi SX X'e2i= 7 e2j=17% 'gX) X'eXi=17sM The feasible selection cri-

terion function then takes the following form,

_HPSy yH 12 tr(PQ)

(5.4)

aP 979 0P
y+y 0
aAS oy o7
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Since /5 in (5.2)) is free of the Jacobian terms, the closed forms of the quantities required for the

computation of (5.4]) can be obtained conveniently. These expressions are

) TP T WS

oP, L
— = —W.P, + PW,,
ooy
oP, i i~ . 3 N
o = S EWe R TEE, (MY M) (1~ P
TS
and
~ jari i 12
aai 2¢1C1 — HG3623=1TiM§er:1 OésWsyH (Cy + Cs)
o ~ T2
Oy 26%— HGse ;1 17'JMJGZ Ws’yH (02_|_03)
~ i i s 12
8/7:.; 2d1D1 - 2 “Gsezg=l T‘]SM‘g erZI aSWsyH l)2
a0 ~ o . Iy ; 2 5
8y d% _ HG3623:1 TiMﬁerzl aSWSyH (2d2 + dg)
where

/
Ccl=Yye

. -1 . .
/ -/ q FIMI A q 7 MY Y~ % ;
02 — y ‘/‘/SZ ezl 1 W =1 Ts s GS€Z]:1 Ts s 62@:1 (e Ws |/‘/;y7

03:ye

. ! . .
Cl = eZz 1¢ W q T‘gMg Gsez'?:l TgMger le

9

. s . .
P iyl 4 =inpd oA 4 =gl P ~iyrsioo -
im1 W erzl T M GSGZ]':1 TLM; 621:1 a Wy M/;y7

. !
Wz S 71 M} GSG 173 MY Z ;W;(Hr;)2

. -/ . .
p Al A]M] ~ q AJM] p ~i 3 .
02 —e Z —1 Tsis Gse j=1TsMs 621:1 a,Wg M/szy,

. -/
. ! q =J 7~ (1 J J 1
ngWSZe P GWE YT TIMS Goe>i=1TsMs g2z Wy
rsr aiwi St wmE (oA i, 9Gs < FIMI YT G
dy =y esi=1 %W eeg=1757 | QG M) + —— | esi=1 757 glvis1 s s
or?
P i s iy (oA 0G e ]J 5
dy =y eXimt W X TIME 9G M T | M e TR i
or’
P o ~ ) 2 .
dy = o oSt AW i M (90Cs 5 0°Cs ) 5w s

i
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(5.8)



P iy q 5 q Aj J P ~i
Dy = X WS XJa M G I TIME S Wy and

é =i P 4
e j:1TsMse i1041Wsly

Dy = Xt @W! i FMd (2(; M+

orl
fori =1,2,...,pand j = 1,2,...,q. Here, f;gj = —gf; is given by the negative of (b.6) and

2 i S iz . -/ - -/
%}j; — e DI AW o= 2 M (B 4 M) (1, — Py) M — m)ﬂm — MIP) (ML + M) (I~
ﬁs))eZ]:l ?ngerzl a.we.
Next, we consider the model averaging procedure. The model averaging estimator is given by

fi(w) = Pw)y = 2;9:1 ws Py, and the feasible weights choice criterion function takes the following

form,

é(w):Hﬁ(w)y—yH2+2 r (P(w)@d) + Zws Aap g TAaP . (5.9)

We conjecture that our results in Theorems can be extended to the MESS(p, ¢) model under
some regularity assumptions extended from those we adopted for the MESS(1,1) model.

5.2 The MESS with an unknown form of heteroskedasticity

In this section, we consider the MESS(1,1) with heteroskedastic error terms, i.e., €; ~ (0,02). Let
Y = Diag(o?,...,02) be the diagonal n x n matrix. The quasi MLE of the MESS(1,1) can be
consistent under heteroskedasticity when the spatial weights matrices W and M are commutative,
ie., WM = MW (Debarsy et al., 2015 H Thus, we can use the quasi ML approach discussed in
Sectlonsl and [ for the MS and MA procedures. Under heteroskedasticity, the variance of y becomes
O = e oW eMye=mM =aW' The rest of the discussions in Sectlonsandlfollow similarly. Thus,
our results in Theorems [IH3|can be extended to the MESS(1,1) with the heteroskedastic error terms.

It is also possible to consider the GMM approach to extend our results in Theorems to
the heteroskedastic case. A consistent GMM estimator (GMME) can be based on a set of linear
and quadratic moment functions. Let I’ be an n x ky instrumental variable matrix, and P; be an
n X n matrix with zero diagonal elements for 7 = 1,...,k,. Then, the linear moment conditions are
given by F/e('y), and the quadratic moments functions are given by € (v)Pie(ry) for i = 1,...,kp.
Thus, we can formulate a GMME based on the following vector of the linear and quadratic moment
functiond™]

1 /. , !

900 = = (PR, € (N Pre().€ DIF) | (5.10)

9In practice, it is often assumed that the spatial weights matrices for the dependent variable and the error terms
are the same, i.e., W = M. In this case, commutativity is trivially satisfied.

10We do not focus on the selection of moment functions as our aim is the model selection and averaging procedures.
Under certain conditions, Debarsy et al. (2015)) show which F' and P;’s can lead to the most efficient GMME.
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where v = (a,7,8) and e(y) = €™ (e*Wy — X3). Let &, 7, and S, be the GMMEs based on the
sth model. Then, we can formulate the estimator of p, as fis = e~ *Ws X ES. Then, the feasible

version of our selection criterion function is given by

~ _ Ol ~
Cs = ||usy||2+2tr<a“f9), (5.11)
Y
Ofis _ 9P, &, | 9P, 97 . D d7, . .
where oy = P+ 8&sya%/ + =Yg, The expressions for 8%;’ and oy ATe stated in Appendix @

Define s = argmin,c¢; . s C, as the selected model. Note that we can also define a model weights
choice criterion similar to (5.11]) for the MA procedure. Under some assumptions similar to our
adopted ones, we conjecture that the results in Theorems can be extended to the robust GMM

case.

6 Monte Carlo simulations

In this section, we investigate the finite sample performance of the proposed MS and MA procedures.

We consider the data generating process described below,
eawy = frx1 + Box2 + u, ey =e (6.1)

The elements of 21 and x5 are independently drawn from U(0,/12) and N (0, 1), respectively. The
candidate spatial weights matrices W1, Wy, W3 and W, are selected as the true weights matrix
in different cases. Here, W7 is a square matrix with its elements interacting with only their left
neighbors. For the left edge units, they interact with their right neighbors. W5 is a square weights
matrix with its elements interacting their left and right neighbors. W3 and W, are based on
rook and queen contiguity, respectively. To this end, n spatial units are randomly allocated into
Vn x y/n square lattice graph. In the rook contiguity case, w;; = 1 if the j’th observation is
adjacent (left/right/above or below) to the i’th observation on the graph. In the queen contiguity
case, wi; = 1 if the j’th observation is adjacent to, or shares a border with the i’th observation. All
weights matrices are row normalized. Note also that the spatial weights matrices become denser
from Wi to Wy. We set (B1,82) = (2,1), and let a and 7 take values from {—1.2,-0.2,0.2,1.2}.
For the error terms we have three specifications: (i) ¢ ~ ii.d. N(0,1), (ii) & ~ ii.d. x3, where x3
is the chi-squared distribution with 3 degrees of freedom, (iii) €; = n;z1; where n; ~ i.i.d. X?J,- These
three specifications represent the normal, non-normal and heteroskedastic cases, respectively. In
cases (ii) and (iii), ¢; is standardized so that its mean is zero and its variance is one. We consider
two sample sizes, n = 169 and n = 400. We set the number of repetitions to 1000 in all cases.

We compute the QMLE and report the root mean squared error (RMSE) for each parameter
under each spatial weights matrix and the selected weights matrix (MS). After implementing the
model selection using our criterion function in , we compute the average of the loss function

L = ||fi, — p||* over 1000 repetitions under each spatial weights matrix. This measure is denoted by
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“Loss” in the tables. The average loss function value for MS and MA are also reported. We compute
the selection frequency under each spatial weights matrix, which is denoted by “MS accuracy”. In
each iteration, we also compute the model weight assigned to each model by our model averaging
procedure. We then report the average of these model weights over 1000 repetitions. This measure
is denoted by “MA weights” in the tables.

Table [If shows the simulation results when the true weights matrix is W7 and the error terms
have the normal distribution. As expected, the RMSE is the smallest under W7 for all parameters
in all cases. The smallest loss is obtained by the estimator using Wj in all cases. Specifically,
when @ = 7 = 0.2 and n = 169, the value of the loss function under Wy is 3.223, which is smaller
than those reported from other spatial weights matrices (21.3 under Wa, 29.087 under W3 and
33.987 under Wy). The loss for the MS estimator (3.501) and the MA estimator (3.823) are slightly
larger than that of the QMLE using Wj. For the selection frequency, out of 1000 samples, the MS
procedure selects Wp 985 times (98.5%), Wa 12 times (0.012%), W3 3 times (0.003%) and Wy 0
times. For the MA weights, our model averaging procedure assigns an average weight of 88.4%
to the true Wi, 5.9% to Wa, 3.5% to W3 and 2.3% to Wjy. Overall, these results imply that the
MS procedure is picking the true spatial weights matrix, and the MA procedure is giving largest
model weight to the one with the true spatial weights matrix. These results are consistent with our
theoretical results.

When the spatial coefficients become negative, i.e., « = 7 = —0.2, the results remain similar.
The RMSE and loss are still smallest for Wi and the MS accuracy and MA weights are also the
largest under W;. When the spatial parameters get larger in absolute value, i.e., « =7 = 1.2 or
—1.2, the RMSE measures under W; are similar to other cases for a and 7, and smaller for 8; and
B2, but become larger for all parameters under Ws, W3 and Wy. The values of loss function become
larger under all spatial weights matrices, but the one associated with Wj remains the smallest.
When o« =7 = 1.2 and n = 169, the MS accuracy is 0.998 under W7, and when o = 7 = —1.2 and
n = 169, it is 0.968 under Wi. When a@ = 7 = 1.2 and n = 169, the MA weight assigned to W7 is
0.915, and when a« = 7 = —1.2 and n = 169, the MA weight assigned to Wy is 0.865. As n grows
from 169 to 400, the MS and MA procedure provide more precise results in terms of selecting the
true spatial weights matrix. In particular, when o = 7 = 0.2 and n = 400, the MS selects W7 1000
times (100%) and the other candidates 0 times. The MA weights grows to 92.7% for Wi, with 4%,
2.1% and 1.1% for Wy, W3 and Wy, respectively.

Table [2| shows the simulation results when the true weights matrix is W, and the error terms
have the normal distribution. The simulation results are similar to those reported in Table[I}] The
RMSE measures obtain the smallest values under Wy (with an exception of 7 when n = 169), and
the smallest loss value occurs under Wy. The MS accuracy is always the largest under Wy, and the
MA procedure assigns the largest weight to Wy in all cases. When the true weights matrices are
W5 and W3 and the error terms have the normal distribution, we observe similar simulation results
to those reported Tables [1| and For the sake of brevity, we provide those simulation results in

the accompanying web appendix.
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Table [3] reports the simulation results when the true wights matrix is W; and the error terms
are non-normal, i.e., standardized x3. In general, the simulation results in this table are similar to
those reported Table [l The table reports the smallest RMSE and loss measures under W;. Our
MS procedure assigns the largest MS accuracy to Wi, and the MA procedure assigns the largest
model weight to W; in all cases. When the true weights matrices are Wo, W3 and W, and and
the error terms are non-normal, we receive similar simulation results, which are provided in the
accompanying web appendix. Table 4] reports the simulation results when the true weights matrix
is W1 and the error terms are heteroskedastic. The results in this table are similar to those reported
for the normal and non-normal cases. These results indicate that our MS and MA procedure can
be extended to the heteroskedastic errors case, as argued in Section [5.2 The results when Wj,
W3 and W, are true weights matrices and the error terms are heteroskedastic are similar, and are
provided in the accompanying web appendix.

In Tables[1| to [4, we consider the cases where the set of candidate weights matrices includes the
true spatial weights matrix. In Table |5 we consider a case where the true spatial weights matrix
is not in the set of candidate weights matrices. To that end, we set the true spatial weights matrix
to the sum of Wy and Wy, which is not in the set of candidate weights matrices. The results in
the table show that the losses are relatively small for Wo, W3 and W, in most cases, except for the
case in which o = 7 = 1.2, where the loss for W3 is bigger than Wj. This is reasonable because the
true spatial weights matrix is given by Ws + Wj. Since the set of candidate weights matrices does
not include the true spatial weights matrix, the MA has smaller loss than MS in most cases, except
when o = 7 = 1.2 and n = 400. The MS procedure assigns relatively large MS accuracy to Ws and
W, as expected. Similarly, the MA procedure assigns relatively large weights to Wy and Wy.
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Table 1:

Simulation results when W3 is the true matrix and error terms are normal

Wi Wa W3 Wy MS MA
a=0.2 n=169 RMSE of a 0.034 0.046 0.063 0.082 0.034
7=0.2 RMSE of 7 0.087  0.094 0.137 0.201 0.086
B1=2 RMSE of 51 0.074 0.079 0.078 0.082 0.074
B2=1 RMSE of (32 0.079  0.079 0.083 0.084 0.079
Loss 3.223  21.300 29.087 33.987 3.501 3.823
MS accuracy 0.985 0.012 0.003 0.000
MA weights 0.884 0.059 0.035 0.023
a=0.2 n=400 RMSE of o 0.023 0.035 0.046 0.057 0.023
7=0.2 RMSE of 7 0.056  0.064 0.091 0.152 0.056
B1=2 RMSE of 51 0.049 0.055 0.067 0.066 0.049
B2=1 RMSE of 2 0.049 0.050 0.059 0.063 0.049
Loss 3.058  42.377 59.593 68.753 3.058 3.593
MS accuracy 1.000  0.000 0.000 0.000
MA weights 0.927  0.040 0.021 0.011
Wi Wa W3 Wy MS MA
a=-0.2 n=169 RMSE of o 0.033 0.046 0.075 0.124 0.038
T7=-—0.2 RMSE of 7 0.089  0.095 0.143 0.247 0.094
B1=2 RMSE of 51 0.080 0.080 0.105 0.118 0.080
B2=1 RMSE of 2 0.072  0.082 0.075 0.082 0.072
Loss 3.350  21.397 30.946 36.992 3.952 4.232
MS accuracy 0.973  0.022 0.004 0.001
MA weights 0.870  0.070 0.026 0.035
a=—0.2 n=400 RMSE of o 0.023 0.034 0.044 0.080 0.023
7=-—0.2 RMSE of 7 0.056  0.063 0.091 0.191 0.056
B1=2 RMSE of 51 0.050 0.057 0.055 0.055 0.050
B2=1 RMSE of 32 0.049 0.050 0.052 0.056 0.049
Loss 3.156  42.508 61.742 73.335 3.214 3.755
MS accuracy 0.999  0.001 0.000 0.000
MA weights 0.922 0.045 0.015 0.018
Wi Wa Ws Wy MS MA
a=1.2 n=169 RMSE of o 0.031 0.472 7.283 6.186 0.036
T7=1.2 RMSE of 7 0.085 0.401 7.182 6.294 0.087
B1=2 RMSE of 51 0.064 0.848 1.221 0.898 0.075
B2=1 RMSE of (2 0.048 0.423 0.624 0.503 0.052
Loss 8.637 1372.106 1784.061 1777.567 11.431 38.715
MS accuracy 0.998  0.002 0.000 0.000
MA weights 0.915 0.032 0.026 0.027
a=1.2 n=400 RMSE of 0.021  0.430 4.906 3.148 0.021
T7=1.2 RMSE of 7 0.054 0.283 4.923 3.172 0.054
B1=2 RMSE of 1 0.043 0.825 0.843 0.612 0.043
B2=1 RMSE of 2 0.035 0.444 0.447 0.333 0.035
Loss 9.722  3153.266  3706.969  3620.566  9.722 43.844
MS accuracy 1.000  0.000 0.000 0.000
MA weights 0.937  0.028 0.020 0.014
Wy Wa Ws Wy MS MA
a=-1.2 n=169 RMSE of a 0.030 0.359 6.061 12.592 0.617
T=—1.2 RMSE of T 0.084 0.696 5.884 12.302 0.755
B1=2 RMSE of 51 0.062 0.668 1.079 1.407 0.203
Ba=1 RMSE of 2 0.047  0.459 0.680 0.812 0.129
Loss 8.197 1032.113 1576.411 1886.296 57.850 76.213
MS accuracy 0.968 0.022 0.002 0.008
MA weights 0.865 0.054 0.021 0.061
a=—12 n=400 RMSE of o 0.018 0.420 6.802 12.104 0.018
T=-—1.2 RMSE of 7 0.054 0.411 6.540 11.777 0.054
B1=2 RMSE of 51 0.040 0.922 1.218 1.300 0.040
B2=1 RMSE of 2 0.030  0.405 0.625 0.715 0.030
Loss 6.356  2942.293 3756.055 4063.768  6.356 49.286
MS accuracy  1.000  0.000 0.000 0.000
MA weights 0.933 0.024 0.012 0.032
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Table 2: Simulation results when Wy is the true matrix and error terms are normal

Wi Wa W3 Wy MS MA
a=0.2 n=169 RMSE of 0.173 0.145 0.097 0.081 0.088
7=0.2 RMSE of 7 0.177 0.208 0.161 0.182 0.193
B1=2 RMSE of 81 0.081 0.080 0.079 0.079 0.080
B2=1 RMSE of 82 0.080 0.080 0.080 0.078 0.079
Loss 7.307 6.461 5.376 2.838 4.099 3.629
MS accuracy  0.048 0.101 0.147 0.704
MA weights 0.085 0.121 0.140 0.653
a=0.2 n=400 RMSE of o 0.177 0.153 0.091 0.056 0.063
7=0.2 RMSE of 0.158 0.184 0.133 0.115 0.130
B1=2 RMSE of 1 0.051 11.774 0.051 0.050 0.050
B2=1 RMSE of 82 0.051 0.051 0.050 0.050 0.050
Loss 11.774 10.497 7.706 2.738 4.073 3.689
MS accuracy 0.018 0.054 0.108 0.820
MA weights 0.061 0.080 0.119 0.740
Wi Wa Ws Wy MS MA
a=—0.2 n=169 RMSE of o 0.179 0.157 0.118 0.095 0.111
7=—0.2 RMSE of 0.121 0.143 0.187 0.186 0.186
B1=2 RMSE of 1 0.079 0.079 0.078 0.078 0.078
B2=1 RMSE of B2 0.073 0.074 0.074 0.072 0.074
Loss 7.827 7.261 5.485 3.425 4.835 4.329
MS accuracy  0.069 0.083 0.286 0.562
MA weights 0.105 0.105 0.274 0.516
a=-0.2 n=400 RMSE of « 0.176 0.152 0.123 0.070 0.083
7=—0.2 RMSE of 7 0.110 0.134 0.129 0.124 0.126
B1=2 RMSE of 51 0.050 0.049 0.050 0.049 0.049
B2=1 RMSE of 82 0.052 0.051 0.051 0.051 0.051
Loss 12.686 11.441 8.536 3.493 4.824 4.407
MS accuracy  0.029 0.047 0.151 0.773
MA weights 0.077 0.077 0.159 0.687
Wi Wa Ws Wy MS MA
a=1.2 n=169 RMSE of « 1.071 0.936 0.368 0.064 0.100
7=1.2 RMSE of 7 1.248 1.396 0.892 0.178 0.227
B1=2 RMSE of 51 0.180 0.151 0.193 0.082 0.083
Ba=1 RMSE of B2  0.114 0.110 0.122 0.067 0.067
Loss 110.078  94.680 211.664  3.569 4.577 6.702
MS accuracy  0.000 0.009 0.001 0.990
MA weights 0.027 0.058 0.029 0.886
a=1.2 n=400 RMSE of o 1.043 0.911 0.315 0.043 0.043
T7=1.2 RMSE of 1.293 1.434 0.842 0.112 0.112
B1=2 RMSE of 1 0.148 0.125 0.204 0.054 0.054
B2=1 RMSE of B2 0.082 0.076 0.083 0.046 0.046
Loss 250.292  209.017 486.556  3.775 3.775 6.916
MS accuracy  0.000 0.000 0.000 1.000
MA weights 0.020 0.039 0.018 0.923
Wi Wa Ws Wy MS MA
a=—1.2 n=169 RMSE of o 1.094 0.805 1.230 0.144 0.402
T=—1.2 RMSE of 0.241 0.516 0.318 0.219 0.265
B1=2 RMSE of 1 0.280 0.213 0.325 0.090 0.112
Ba=1 RMSE of B2 0.150 0.147 0.179 0.071 0.080
Loss 325.396  220.216  364.073 18.729 57.196  45.227
MS accuracy  0.032 0.110 0.017 0.841
MA weights 0.058 0.062 0.081 0.800
a=-—1.2 n=400 RMSE of « 1.087 0.791 1.160 0.090 0.160
T=—1.2 RMSE of 7 0.239 0.529 0.190 0.134 0.146
B1=2 RMSE of 51 0.282 0.128 0.281 0.057 0.061
B2=1 RMSE of B2 0.154 0.086 0.141 0.047 0.049
Loss 689.363 456.370 711.128 14.968 25.696  32.130
MS accuracy  0.003 0.015 0.003 0.979
MA weights 0.025 0.026 0.051 0.898
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Table 3: Simulation results when W; is the true matrix and error terms are non-normal (x3)

Wi Wa W3 Wy MS MA
a=0.2 n=169 RMSE of a 0.032  0.047 0.061 0.084 0.034
7=0.2 RMSE of 7 0.087  0.095 0.132 0.187 0.087
B1=2 RMSE of 51 0.076  0.080 0.079 0.084 0.075
B2=1 RMSE of B2 0.080 0.080 0.084 0.087 0.080
Loss 3.221  21.377 29.073 34.087 3.665 3.818
MS accuracy 0.977  0.020 0.002 0.001
MA weights 0.888  0.058 0.031 0.023
a=0.2 n=400 RMSE of a 0.022  0.031 0.047 0.063 0.022
7=0.2 RMSE of 7 0.056  0.061 0.088 0.164 0.056
B1=2 RMSE of 51 0.050  0.057 0.059 0.056 0.050
B2=1 RMSE of 52  0.048 0.049 0.051 0.051 0.048
Loss 3.009 42.180 63.024 76.411 3.009 3.609
MS accuracy  1.000  0.000 0.000 0.000
MA weights 0.924 0.043 0.022 0.011
Wi Wa Ws Wy MS MA
a=—0.2 n=169 RMSE of o 0.035 0.054 0.072 0.153 0.037
7=-—0.2 RMSE of 7 0.084 0.093 0.128 0.244 0.084
B1=2 RMSE of 81 0.073  0.076 0.089 0.087 0.073
B2=1 RMSE of 2 0.078 0.109 0.115 0.139 0.078
Loss 3.102  22.662 30.673 35.482 3.503 3.906
MS accuracy 0.982  0.015 0.001 0.002
MA weights 0.882  0.061 0.023 0.034
a=-0.2 n=400 RMSE of « 0.023 0.034 0.047 0.072 0.023
7=—0.2 RMSE of 7 0.056  0.062 0.089 0.191 0.056
B1=2 RMSE of 51 0.049 0.054 0.054 0.052 0.049
B2=1 RMSE of B2 0.056  0.056 0.058 0.060 0.056
Loss 3.273  45.621 64.126 71.918 3.273 3.956
MS accuracy 1.000  0.000 0.000 0.000
MA weights 0.927  0.039 0.014 0.020
Wy Wa Ws Wy MS MA
a=1.2 n=169 RMSE of 0.028  0.858 5.851 5.232 0.057
T=1.2 RMSE of T 0.082 0.715 5.779 5.262 0.084
B1=2 RMSE of 51 0.056  0.965 1.069 0.920 0.090
B2=1 RMSE of 82 0.054 0.610 0.597 0.508 0.070
Loss 6.928 1575414 1802.360 1755.770 14.316 45.112
MS accuracy 0.996  0.003 0.001 0.000
MA weights 0.915 0.043 0.022 0.020
a=1.2 n=400 RMSE of « 0.020  0.449 3.939 4.359 0.020
7=1.2 RMSE of 7 0.053 0.379 4.041 4.406 0.053
B1=2 RMSE of 1 0.041 0.844 0.763 0.617 0.041
B2=1 RMSE of 2 0.032  0.440 0.410 0.368 0.032
Loss 8.719 3049.622 3430.742 3831.036 8.719 40.668
MS accuracy  1.000  0.000 0.000 0.000
MA weights 0.940 0.027 0.019 0.014
Wi Wo W3 Wy MS MA
a=—12 n=169 RMSE of o 0.030 0.664 6.880 11.470 0.614
T=-—1.2 RMSE of 0.086  0.399 6.673 11.590 0.703
B1=2 RMSE of 51 0.064 0.974 1.204 1.419 0.139
B2=1 RMSE of 82  0.048 0.449 0.621 0.762 0.076
Loss 8.593  1627.103  1838.773  2096.612  20.260 57.258
MS accuracy 0.995 0.001 0.002 0.002
MA weights 0.901 0.029 0.015 0.054
a=-1.2 n=400 RMSE of « 0.020 0.423 8.093 11.373 0.020
T=—1.2 RMSE of 7 0.055 0.334 7.750 11.166 0.055
B1=2 RMSE of 51 0.041 0.846 1.314 1.306 0.041
Ba=1 RMSE of 82 0.036 0.445 0.716 0.693 0.036
Loss 9.142  3197.465 4508.588  4673.683  9.142 54.185
MS accuracy  1.000  0.000 0.000 0.000
MA weights 0.936  0.021 0.012 0.031
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Table 4: Simulation results when W; is the true matrix and error terms are heteroskedastic

Wi Wa Wy Wy MS MA
a=0.2 n=169 RMSE of o 0.035 0.051 0.069 0.093 0.036
7=0.2 RMSE of 7 0.086 0.096 0.138 0.207 0.086
B1=2 RMSE of 51 0.099 0.102 0.102 0.107 0.099
B2=1 RMSE of 32 0.085 0.088 0.093 0.097 0.085
Loss 4.322 22.655 30.453 35.390 4.714 5.015
MS accuracy  0.980 0.020 0.000 0.000
MA weights 0.874 0.067 0.035 0.023
a=0.2 n=400 RMSE of a 0.022 0.030 0.049 0.063 0.022
7=0.2 RMSE of 7 0.055 0.059 0.090 0.171 0.055
B1=2 RMSE of 1 0.063 0.069 0.071 0.069 0.063
B2=1 RMSE of (2 0.048 0.049 0.052 0.052 0.048
Loss 3.615 42.744 63.779 77.146 3.647 4.170
MS accuracy  0.999 0.001 0.000 0.000
MA weights 0.924 0.041 0.026 0.009
Wy Wa Ws Wy MS MA
a=—-0.2 n=169 RMSE of o 0.035 0.054 0.076 0.154 0.037
T7=—0.2 RMSE of T 0.087 0.096 0.126 0.241 0.087
B1=2 RMSE of 1 0.098 0.099 0.111 0.109 0.098
B2=1 RMSE of (2 0.077 0.112 0.120 0.143 0.077
Loss 3.968 23.513 31.682 36.454 4.532 4.890
MS accuracy  0.975 0.022 0.001 0.002
MA weights 0.870 0.070 0.024 0.036
a=—0.2 n=400 RMSE of o 0.024 0.035 0.052 0.075 0.024
7=—0.2 RMSE of 7 0.057 0.063 0.090 0.194 0.057
B1=2 RMSE of 1 0.068 0.071 0.071 0.070 0.068
B2=1 RMSE of 32 0.056 0.057 0.060 0.064 0.056
Loss 4.438 46.739 65.444 73.118 4.476 5.100
MS accuracy  0.999 0.001 0.000 0.000
MA weights 0.926 0.035 0.018 0.021
Wi Wa Ws Wy MS MA
a=1.2 n=169 RMSE of o 0.034 0.902 6.636 6.885 0.052
T=1.2 RMSE of 7 0.086 0.940 6.451 6.973 0.099
B1=2 RMSE of 51 0.077 0.906 1.153 0.901 0.108
B2=1 RMSE of 32 0.054 0.338 0.597 0.527 0.062
Loss 12.911 1414.080 1877.172 1964.258 22.366 54.711
MS accuracy  0.994 0.005 0.000 0.001
MA weights 0.907 0.036 0.024 0.034
a=1.2 n=400 RMSE of « 0.020 0.409 3.200 7.221 0.022
T7=1.2 RMSE of T 0.055 0.317 3.330 7.273 0.063
B1=2 RMSE of 1 0.049 0.853 0.728 0.869 0.049
B2=1 RMSE of 2 0.031 0.402 0.382 0.467 0.035
Loss 10.173  3260.509 3574.774  4340.654 13.610 46.912
MS accuracy  0.999 0.000 0.001 0.000
MA weights 0.943 0.024 0.015 0.018
Wy Wa Ws Wy MS MA
a=-1.2 n=169 RMSE of o 0.032 0.694 8.035 10.733 0.086
T=—1.2 RMSE of T 0.084 0.404 7.901 10.504 0.214
B1=2 RMSE of 1 0.074 0.912 1.218 1.270 0.107
Ba=1 RMSE of 32 0.049 0.644 0.775 0.883 0.104
Loss 8.774 1410.008 1706.016  1854.547 21.983  57.736
MS accuracy  0.993 0.002 0.000 0.005
MA weights 0.895 0.025 0.018 0.062
a=—12 n=400 RMSE of o 0.021 0.425 8.314 11.379 0.021
T=-—1.2 RMSE of 7 0.056 0.357 7.983 11.100 0.056
B1=2 RMSE of 51 0.048 0.845 1.296 1.270 0.048
Ba2=1 RMSE of 32 0.036 0.447 0.703 0.674 0.036
Loss 10.699  3192.960  4480.797  4622.047 10.699 60.891
MS accuracy  1.000 0.000 0.000 0.000
MA weights 0.926 0.024 0.015 0.035
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Table 5: Simulation results when W5 + Wy is the true matrix and error terms are normal

Wi Wa W3 Wy MS MA
a=0.2 n=169 RMSE of o 0.087 0.079 0.151 0.239 0.130
7=0.2 RMSE of 7 0.173 0.089 0.138 0.359 0.148
B1=2 RMSE of 51 0.126 0.077 0.078 0.090 0.077
B2=1 RMSE of 82 0.094 0.081 0.084 0.084 0.081
Loss 25.059 6.213 15.484 16.662 8.935 5.733
MS accuracy 0.014 0.736 0.118 0.132
MA weights 0.044 0.577 0.123 0.257
a=0.2 n=400 RMSE of o 0.079 0.065 0.143 0.231 0.079
7=0.2 RMSE of 0.161 0.062 0.112 0.320 0.081
B1=2 RMSE of 51 0.112 0.053 0.054 0.055 0.054
B2=1 RMSE of B2 0.073 0.053 0.057 0.057 0.053
Loss 45.843 9.097 30.670 32.313 10.615 7.490
MS accuracy  0.002 0.929 0.047 0.022
MA weights 0.025 0.659 0.101 0.215
Wi Wa W3 Wy MS MA
a=—0.2 n=169 RMSE of o 0.072 0.068 0.139 0.203 0.149
7=-—0.2 RMSE of 7 0.221 0.127 0.166 0.222 0.141
B1=2 RMSE of 81 0.115 0.079 0.090 0.090 0.083
B2=1 RMSE of B2 0.085 0.080 0.086 0.099 0.083
Loss 25.247 9.137 12.085 19.541 11.501 7.691
MS accuracy  0.033 0.574 0.264 0.129
MA weights 0.065 0.539 0.183 0.213
a=—0.2 n=400 RMSE of 0.070 0.067 0.120 0.179 0.127
7=-—0.2 RMSE of 7 0.217 0.096 0.133 0.142 0.103
B1=2 RMSE of 51 0.118 0.051 0.051 0.058 0.052
B2=1 RMSE of 82 0.060 0.051 0.053 0.074 0.056
Loss 65.561 18.298 30.144 34.524 22.219 11.016
MS accuracy  0.001 0.701 0.130 0.168
MA weights 0.016 0.588 0.086 0.311
Wi Wa Ws Wy MS MA
a=1.2 n=169 RMSE of « 0.878 0.419 1.203 1.460 0.513
T7=1.2 RMSE of 7 0.470 0.819 0.887 0.562 0.812
B1=2 RMSE of 1 1.356 0.199 0.901 0.539 0.347
B2=1 RMSE of B2  0.644 0.171 0.675 0.384 0.240
Loss 2924.891 307.403 7413.951 1180.077  469.299 427.650
MS accuracy  0.048 0.911 0.009 0.032
MA weights 0.096 0.732 0.019 0.152
a=1.2 n=400 RMSE of « 0.938 0.186 1.198 1.682 0.206
T7=1.2 RMSE of 7 0.578 0.501 0.655 0.566 0.502
B1=2 RMSE of 1 1.091 0.191 0.859 0.589 0.197
B2=1 RMSE of B2 0.610 0.075 0.756 0.319 0.080
Loss 7844.534 551.384 27743.911  3853.553  576.453 637.704
MS accuracy  0.002 0.994 0.001 0.003
MA weights 0.030 0.828 0.015 0.128
Wi Wa Ws Wy MS MA
a=—1.2 n=169 RMSE of « 0.898 0.445 0.219 1.111 0.989
T=—1.2 RMSE of 0.989 0.295 0.856 1.045 0.916
B1=2 RMSE of 1 1.345 0.266 0.286 0.486 0.599
Ba=1 RMSE of B2 0.561 0.233 0.287 0.451 0.427
Loss 9263.240 2843.288  5380.361 5009.639  4957.023  4512.994
MS accuracy  0.097 0.319 0.102 0.482
MA weights 0.118 0.344 0.082 0.456
a=-—1.2 n=400 RMSE of « 1.019 0.304 0.119 0.763 0.649
T=—1.2 RMSE of 7 1.248 0.396 0.728 0.711 0.611
B1=2 RMSE of 1 1.349 0.120 0.141 0.508 0.467
Ba=1 RMSE of B2 0.658 0.066 0.090 0.368 0.311
Loss 14333.386  4178.053  5869.305 5241.881  4334.436  3802.430
MS accuracy  0.021 0.423 0.120 0.436
MA weights 0.044 0.429 0.106 0.421
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7 An empirical illustration

Ertur and Koch (2007)) explore the impact of spillover effects by incorporating technological interde-
pendence into a growth model. They estimate a SAR model and find significant spatial externalities.
In this empirical illustration, we discuss the choice of spatial weights matrix for the MESS version
of their model.

Ertur and Koch (2007)) use the following SAR specification:

Iny =AWlny+ By + S1Ins + Baln(n + 0.050,) + B3W Ins + B4W In(n + 0.050,) + €, (7.1)

where y is the n x 1 vector of the output per-worker, s is the n x 1 vector of fraction of savings,
n is the n x 1 vector of exogenous growth rate of labor, [,, is the n x 1 vector of ones, and € is the
n x 1 vector of disturbance terms. The sum of the annual rate of depreciation of physical capital
and the balanced growth rate of capital-output ratio is set to 0.05, which is a common assumption
in the economic growth literature. Ertur and Koch (2007) consider two spatial weights matrices (i)

Wi = (wf,;) and (ii) W = (ws;;), whose elements are specified as

. 0 ifi = j, . 0 ifi = j,
Wiig = e, Waij = e (7.2)
dij“ ifi #£ 4, e i ifq £ g,
where d;; is the great-circle distance between country capitals, and & is a constant that controls the
rate of decline in the magnitude of the weights when d;; increases. Both weights matrices are row
normalized. Ertur and Koch (2007) chooses x = 2 (i.e., Wf=2 and W§=2), and show that there
exists significant spillover effects in the output per-worker.
To implement our model selection and model averaging procedures, we generate six candidates
for the spatial weights matrices, corresponding to xk € {2,1,0.5}. We consider a cross-sectional data

set of 91 countries, and estimate the following MESS version of (7.1]).
eWiny = 8y + 01 Ins + dy In(n + 0.05,) + 93W In s + 6,W In(n + 0.051,,) + v, (7.3)

where v is the n x 1 vector of disturbance terms. We compute our criterion function under each
of the six candidate weights matrices. We also compute the MA weights for the first three, the
last three, and all six spatial weights matrices as a group, respectively. We report the coefficient
estimates of , and those reported in Ertur and Koch (2007) from the estimation of .
Table |§| reports the estimation resultsm When we use W{=2, the estimate of \ is 0.74 under the
SAR, and the estimate of v is —0.864 under the MESSE When the spatial weights matrix is W&=2,
these estimates are 0.658 and —0.744 in the SAR and MESS, respectively. When we use W}=2

1We do not report the standard errors (or the confidence intervals) in this table, because the large sample distribu-
tion of the MS and MA estimators are not standard (Leeb and Pétscher, [2005). Also, our aim here is on illustrating
the proposed selection and averaging schemes, not on statistical inference.

12Note that, when the spatial weights matrix is row normalized, the spatial coefficients o in the MESS and X in
the SAR have the following relation: A =1 — e (Debarsy et al., 2015).
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and W4=2, each specification reports similar estimates for the other parameters, which can be seen
by comparing column (1) with (2), and column (3) with (6). In the case of W{=! Wr=05 5=l
and W§:0'5, the estimates reported under MESS varies as we are using different spatial weights
matrices. The results in the table indicate that the criterion function (denoted by “Criterion”)
associated with W§=! in column (7) obtains the smallest value out of all 6 candidates. The last
two rows in the table show our MA results. If we compute the MA weights for the six candidates
together, W5=! has the model weight of 1.000, which means that all weights are placed on szlﬁ
This result is consistent with our MS result based on the value of the criterion function. If we
compute the MA weights for W; group (columns (3) to (5)) and Wa group (columns (6) to (8)),
separately, we find that W=! receives the largest MA weight (0.657) in the first group, and W§=!
receives the largest MA weight (1.000) in the second group. Overall, our MS and MA results show
that W§=! can be the optimal spatial weights matrix out of the six candidates for this application
(note that the optimality is defined here in the sense of Theorem 1).

The parameter estimates in Table [6] are not directly comparable because of the spatial lags
of the endogenous and exogenous variables in the model (Arbia et al., 2020; LeSage and Pace,
2009). In the context of , the marginal effects of exogenous variables are dlny/dlns =
e~ W (611, + 63W) and lny/0In(n + 0.051,) = e=*W (821, + 64W). To ease the interpretation of
these marginal effects, LeSage and Pace (2009) suggest three impact measures: (i) the average direct
effect, (ii) the average total effect and (iii) the average indirect effect. The average direct effect of
In s is defined by tr (e=*W (611, + 63W)) /n, the average total effect by . (emW (011, + 83W)) L/,
and the average indirect effect by [, (e=W (611, + 63W)) L /n — tr (e *W (6115, + 63W)) /n. These
summary measures can be defined similarly for In(n + 0.05,,). Table m reports the impact measure
results for our empirical illustration. The results in this table indicate that the impact measure
estimates vary across different spatial weight matrices. It is instructive to compare the impact
measure estimates reported in the seventh column under the optimal Wx=! with those reported in
the first two columns. Under our optimal W=!, we obtain relatively smaller average direct effect
of In s than those reported in the first two columns. On the other hand, we obtain relatively larger
average total and indirect effects of In s than those reported in the first two columns. In the case
of In(n + 0.05l,), all impact measures under W5=! are relatively smaller in magnitude than those

reported in the first two columns.

13The MA estimator using a Mallows type criterion function can yield sparse weights vectors in finite samples for
both underfitted and overfitted models. See Feng et al. (2020) for a detailed discussion on the sparsity of Mallows
model averaging estimator.
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Table 6: Estimation results under different spatial weights matrices

SAR MESS
(1) (2) 3) (4) (5) (6) (7) (8)
WIHZZ W;:2 Wlnz2 Wi‘i:l WIKZD.E) Wéﬂ:? W;Zl W;:O.S
Constant 0.988 0.530 2.003 1.652  13.490 2.371 2.902 3.465
Ins 0.825 0.792 0.960 0.960 0.867 0.904 0.764 0.776
In(n + 0.05) —1.498 —1.451 —1.745 —-1.641 —-1.307 —-1.648 —1.300 —1.299
Wins —-0.322 —0.372 —0.284 —0.032 2.681 —0.221 0.060 0.301
W in(n 4 0.05) 0.571 0.137 0.511 0.526 3.373 0.364 0.291 0.658
Winy 0.740 0.658 —-0.864 —1.240 —2.597 —-0.744 —-0.865 —1.146
Criterion 51.510 51.084 157.264 50.746 44.683  49.366
6 weights 0.000 0.000 0.000 0.000 1.000 0.000
3 weights 0.343 0.657 0.000 0.000 1.000 0.000
Table 7: Impact measures under different spatial weights matrices
SAR MESS
(1) (2) 3) (4) (5) (6) (7) (8)
WIHZZ WQH:Q szg szl Wf:O.B WQH:Q W;Zl W;:O'E)
Average direct effects
Ins 0.908 0.940 0.981 0.998 1.362 0.925 0.814 0.834
In(n+0.05) -1.652 —1.712 —-1.786 —1.670 —-0.971 —-1.695 —1.331 —1.298
Average total effects
Ins 1.935 1.935 1.602 3.207  47.625  1.438 1.959 3.389
In(n+0.05) —3.565 —3.565 —2.928 —3.853 27.744 —2.702 —-2.396 —2.017
Average indirect effects
Ins 1.027 0.995 0.621 2.210  46.264  0.513 1.145 2.555
In(n+0.05) —-1.913 —1.853 —1.142 -—2.183 28.715 —1.007 —1.066 —0.719
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8 Conclusion

In this paper, we focused on a specification problem in terms of choosing spatial weights matrices for
the MESS models. We proposed a model selection scheme using a Mallows type criterion function
and showed that the resulting MS estimator is asymptotically optimal. We also showed that when
the data generating process involves spatial effects, the MS estimator chooses the true weights
matrix with probability approaching one in large samples. We further proposed a model averaging
scheme that compromises across a set of candidate models. The resulting MA estimator is also
asymptotically optimal and can provide assurance against selecting the incorrect model in finite
samples. Our extensive Monte Carlo simulations showed that the proposed MS and MA estimators
perform satisfactorily in finite samples. In an illustration from the empirical growth literature, we
revisit a model of spillover effects and show how the proposed MS and MA methods can be helpful
in sensitivity or robustness checks. These methods thus are useful for researchers who want to select
an optimal spatial weights matrix out of a set of candidates and construct an optimal weights of
these candidates in the MESS models. We only considered the first order and higher-order MESS
models with cross-sectional data. In future studies, our approach can be extended to the panel
data versions of the MESS with individual or interactive fixed effects. It will also be interesting
to consider these procedures for the heterogeneous coefficients MESS models. In our analysis, we
assumed that the set of spatial weights matrices contains only the exogenous candidates. It will
be interesting to extend the MS and MA procedures to the MESS models with endogenous spatial

weights matrices. We leave these extensions for future studies.
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Appendix

A  Some useful lemmas

In this section, we provide some lemmas for easy reference. The first lemma is the well-known
Stein’s lemma, and can be found in Stein (1981)), the second lemma in, e.g., Gao et al. (2019)) and
Zhang (2021), and the third and fourth lemma in Debarsy et al. (2015)). We use the first lemma
to motivate the derivation of our criterion function. The second lemma is used in the proofs of
Theorems [I] and Bl The third lemma shows that certain matrices are bounded in both row and

column sum norms, and the fourth lemma provides the probability orders of certain terms.

Lemma A.l. Let Z be a random variable such that Z ~ N(0,1), and let f : R — R be an
indefinite integral of the Lebesque measurable function f . Suppose further that E f,(Z)| < 00.

Then E(f'(2)) =E(Zf(2)).

Lemma A.2. Let § = argmingg; gy (Ls +as +b), where as is a term related to s and b is a

Ls—Rs
Rs

positive constant ¢ and a positive integer N such that when n > N,infscg Rs > ¢ > 0 almost surely,
then

term unrelated to s. If supseqy . sy % = 0p(1) and supyeqy ... 5} = 0y(1), and there ezists a

L=
infse{l .....

Lemma A.3. Assume that Assumptions [1] and[q hold. Then, e™ and e®V are bounded in both

row and column sum norms uniformly in T and «, respectively.

Lemma A.4. Assume that Assumption [ holds. Let A be an n x n matriz that is bounded in both
row and column sum norms, and C be an n X p matric whose elements are uniformly bounded.
Then,

1. € Ae = Op(n), B(€ Ae) = O(n), n~ '€ Ae = n~"E(c Ae) + 0,(1), and n=2C" Ae = O,(1).

2. |4 — I||oo = 0p(1) and |4 — I,||1 = 0,(1), where & = 0,(1).

B Derivation of (3.6) and (3.7))

For a given (as,7s) value, the first order conditions of (2.3]) with respect to 8 and o? yield

~ , -1 /
Bs = (X'675M5675M5X> X emsMs eTsMs gasWs (B.1)

~ 1
5= |
n

~ 2
e Mo (e Wey — X))

(B.2)

Substituting (B.1]) and (B.2)) into (2.3)), we obtain the following concentrated log-likelihood function

under sth model:

2

)

(o =—1In ||GSeTWSeO‘5WSy
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where we ignore the constant terms. Then, the conditions %ﬁf‘“’) =0 and %;fs) = 0 imply
that
~ =~ ~ -2, L) A~ ~ ~
— HGseTsMseasWsy ‘ (y easVVs eTSMSGSeTSMSWseaSWSy) =0, (B.3)
N R M. @ W, || 72 aWT 0Gs \ 7.M. a.w.
— ||Gse™ e ey y e s 2GM+8A eV ey | = 0. (B.4)
Ts

Taking the derivative of (B.3)) with respect to y for a given 74, and the derivative of (B.4) with

respect to y for a given Qs, we obtain respectively

0a —2 0a

— 2a1 (Al +a1— ) HG s M aéWéy ) + Ay + Az + (ag + a3) 80; =0, (B.5)
67_5 FsMs QsW. 8/7:3

b1 (2B1+ 615 HG 3 Ms (8 Wy, ‘ + (2b2 4 b) 5 4 282 = 0. (B.6)

Then, (3.6 and ( can be obtained by solving (B.5)) and ( - ) for 80‘5 and 8TS

C Expressions for MESS(1,0) and MESS(0, 1)

In this section, we consider two special cases of MESS(1, 1), namely, MESS(1,0) and MESS(0, 1).
Our results in Theorems are also valid for these special cases. Here, our aim is to provide the
required quantities for the model selection and averaging procedures. We start with the MESS(1, 0),
which is given by

Wy:X,B—i—e, (C.1)

with a reduced form of y = e™*W X3 + e=*We¢, implying that p = E(y) = e *W X3 and Q =

aze_o‘we_o‘wl. The quasi log-likelihood function for the sth model is then given by

ly = —§1n27ra -— Heo‘Wsy XBH (C.2)

For a given value a, the estimator for g is subsequently given by 11, = e~ @sWs X (X 'X 71X "e@sWay —
ﬁsy, where P, = e~ ®@Ws X (X X )X "e®sWs_ Then, the feasible version of our selection criterion

function takes the following form.

Go= [Py +2 <tr (5.0) + gj@;) | ©3)
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2a1A1—Héseasw‘SyHQ(A2+A3)

Qa%—HaseaSWSyHQ(ag—i—ag)

where 22 = W, P, + P,W, and % = —  with

Ve I~ A ’ r o~ I~ A TS I~ A

a1 =y WGV Wy, as =1y Wseasws Gse™WVsW,y, a3 =y e®Ws Gseo‘sm/SWEy,
~ PN ~ —~ AN ~ )~ I

A = e®sWs GseO‘SWSy, Ay = e®sWs Gsea3WSW8y and Az = WseaSWs Gseo‘sw‘gy,

and G =1, — Py = I, — X(X'X)~'X'. The model averaging estimator for y is given by fi(w) =

P(w)y = Zle ws Py with a feasible weights choice criterion function stated as

Olw) = || Py — || +2 (o (P( )§)+§S: 04, 0P (C.4)
w) = w)y —y r w Sles oy aasy . )
Next, we consider the MESS(0, 1), which is specified as
y=XB+u, eMu=e¢ (C.5)

with 4o = E(y) = X8 and Q = o2e ™Me~ ™" The quasi log-likelihood for the sth model is given
by

ly = ——ln27ra - L HeTMS(y - XB)H2 (C.6)

The estimator for us is given by p, = X (X' €7 MseToMs X) =1 X' oTs My oTs My — ]Bsy, where P, =
X <X "eTsM; oTsMs x ) X'eTsMseTsMs I this case, the feasible version of our selection criterion

function is

~ 2 ~ N\ 07,~0P
Co=||Buy— o +2 (0 (BO) + 5052y ), (C.7)
oy 07s
~ O e7sMsy |2
h P _ 775M5P M, M I,— P Ts Ms aTS - _ zblBl:QHGSe v||"B> ith
where == = e (M + M)( s )e and 7 i [Gocr ey P2 10n)” wit
- ! o) 8@ = / a@
by =y e M | 2G M+ —2 | ™My, by=ye 2G M, + Me™sMsy,
0T, 0T

oo [ 0G 092G, \ - A -
by =y e sMs <2 "M, + S) e Msy By = MsGe™Msy  and
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The model averaging estimate for p(w) is given by u(w) = ]3(w)y = 255:1 wsﬁsy with the feasible

weights choice criterion function,

C(w) = Hﬁ(w)y B sz +2 <tr (ﬁ(w)ﬁ) n gwsgz;*ﬁgfj y> : (C.8)

D Expressions for the GMM approach

dds 0T
oy’ oy
(2015)), the feasible best GMME is not available under an unknown form of heteroskedasticity.

However, an optimal GMME is still available which uses the following vector of moment functions:

and

In this section, we derive the explicit expressions for According to Debarsy et al.

1 / '

907) = = (€Pre). € )Pse(7). € )F) .

where Pf = e™We ™ _ Diag(e™We ™) Py = M, F* = ("MW Xp,e™ X), and Diag(A)
denotes the n x n diagonal matrix consisting of the diagonal elements of A.
, , ’ -1, ’
Let ¢ = (a,7), P=¢e™MX (X eM eTMX> X'e™ and G = I, — P. Given ¢, the estimate
~ , / —1 , ’
for g is B(¢) = (X e™M ™M X ) X'e™™M eTMeaWy,  The least square-type residual vector is then

given by e;(¢) = e™ <e°‘Wy — Xﬁ(qb)) = Ge®We™y Then, the concentrated set of moment

functions is given by

9(6) =~ (L(0)P{ea(0). L) Piex(0). () F")

The GMM objective function is given by U(¢) = ¢ (¢)Vg(¢), where V is an arbitrary weighting
matrix. Note that an optimal GMME will be based on the weight matrix 2, = Var (g(¢)). Consider

the first-order conditions of the objective function 851/55?) = 0 and 8;17;55) = 0. The derivatives of
these conditions with respect to y are
9(0¥(9)/0as) | 0(0¥(¢)/Das) Ods
= D.1
of T oa oy (D.1)
0(0¥(9)/07s)  0(0¥(9)/07;) 0T _
oy + a7 9y 0. (D.2)

Then, using (D.1)) and (D.2), we obtain

g(:s;/s _ <a(aquq;)s/a@s)>—l (a(axpéz)//aas)> | (D.3)
) - .
g; _ <a(aqféq2 /afs)> <a(aqféq;/)/afs)> . (D.4)
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For the terms in (D.3]) and (D.4)), we can derive the following general expressions:

PO o229,
OU(G/00) _ 05 (6) 0000) , 1y 0718)
UL 00) 350350 | gy, 25°6)
PO _ (o249,
QUG 0r) _ 04 0)00) | g 4y 0°46)
20U 0r) _ 2016)008) , j4y2010)

(D.5)
(D.6)
(D.7)
(D.8)
(D.9)

(D.10)

Using the vector of moment functions g(¢), the terms in (D.5)) through (D.10)) can be derived as

99(6) e () PrGe™M e Wiy
12 = | elo)PpGe ey |
F*SlGeTMeaW Wy
! x5 O€az (P)
dg(p) Glm(d))?*s 9ets)
87_ — Eaj((l)) 2 T or 3
F*GMe™MeoWy
g — = 6;(¢))P2*SG67M66‘W ,
Y F*' GMe™ oW
prgy [V RGN () PreGer e
80?6y’ = |y W'eW ™™ GP3sGe™eW ¢ (¢)PysGe™ WY |
F*S/Ge’TMeOéWW
85;(@ Pxs aW M ! xs 0% ez (9)
=P TG A €,(0) PP 557
9%9(9) 7 oo

= 0\ ! * ! xs 0%€x
aTay/ = 657(-¢) P2 seaWeTMG + Gx(¢)P2 s 876-6(;/5) s
F*S’GMGTMeaW
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(D.11)

(D.12)

(D.13)

(D.14)

(D.15)



y/W’eaW/ eTM/ Gpl*sGeTMeaWWy + 6;(¢)PFSG6TMQQWW2y
= [y W eW ™™ QP Ge™ W Wy + €, (o) Py Ge™ W2y | (D.16)
F*S’GeTMeaWWQy

?g(¢)

0a?2

82 (¢) y’ eaW’ e7—M,]\4’ Gpl*s aﬁgffi’) + 6;(¢)P1*s 8GM 82P eq—MeaWy + 8;%—(2(;5)
g / 4 / / ’ 2
92 |V eW e™™M M GPys 8659) + e, (o) Py 8G]W ‘92P eMeaWy L;ﬁf) , (D.17)

F*’GMQeTMeaWy

where 22@) — (GM — MP — PM*P — PM')e™MeWy, a;jggj,’) = (GM — MP — PM*P —

PM')erMeaW 250 _ (GM MP — PM*P — PM ) Me™MeeWy 9G — _\[P_ PMSP— PM'
and &8 = —(M(GM — MP — PM*P — PM') + 2(GM — MP — PM*P — PM')M*P + (GM —
MP — PM?3P — PM’)M’). These expressions can be substituted back into through ,
which in turn can be substituted into and to get the explicit expressions of the two

derivatives.

E Proofs of Theorems

E.1 Proof of Theorem [

First observe that the first term in the definition of 63 in (3.8) satisfies the following equation:

‘ P

~ 2
Psy—u+u—yH

2
-y =
= Lo+ P’ = 2 (Poy — ) = Lo + &> — 2 (Polu+8) — u)

= L+ ||é]|* 4 2¢ Hop — 2¢ Pie, (E.1)

where ﬁs =1, — ﬁs.

Note here ||€]|? is irrelevant for s. Thus, the selected model 3 also minimizes the following term:

Qi
oy ol T oy oY

(E.2)

Ls + Qgﬁ[sﬂ + 2 (tr (ﬁSfZ) — é]ég) +2 <8as/\8ﬁs a?sﬁaﬁ )
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By Lemma [A-2] we need to show the following results:

sup R: ™ |€ Hyp = o0p(1), (E.3)
sup R: ™1 tr(P,Q) — € Pe| = op(1), (E.4)
S
o1 |00~ 0P,
Sl;pRS ! Tylﬂﬁasy = 0p(1), (E.5)
w1 |OTs A~ 0P
Sl;pRS 1 Ty,gai%\sy :Op(l)7 (EG)
sup R: ' |Ls — RZ| = op(1). (E.7)

For (E.3), first observe R:~! ‘e’ﬁsﬂ < RV H | + R

For the first term, we have

gl(P; - 155)/1‘, where H = I,, — P*.

EH'

) 2G
s E ((6 H;‘,u> ) s
2> < e 0S| HIulPO Ry

P (sup R:! ”
2G,2G
5 s=1 R s=1

S
<en 29 RI9 =o(1),
s=1

for some constant terms ¢; and G, where the first inequality follows from the generalized Cheby-
shev’s inequality, the second follows from Assumption 4| and Theorem [2| in Whittle (1960)), the
third follows from the fact that R* = E ||u* — u||* = tr(P*QPY) + ||H*p||* > ||H*p/|* and the last
equality follows from Assumption For the second term, using the Cauchy-Schwarz inequality

and the bounds of Rayleigh quotient, we obtain
sup Ry~ € (P = Pou| < sup R IE) | (P = Poal| < G ell sup ima (P = P2l
S S S
= Op(l)a

by Assumptions |§| and |8} and the fact that ||€]| = O,(n!/?), which is ensured by Lemma
For (E.4)), first note that ‘tr(ﬁsﬁ) —éPel < ‘tr(Ps*Q) — & Pre|+|tr (PS*(SAZ - Q)) ’—i— tr (P — PS*)SA?) ‘—i—

€ (P, — P¥)é|. Define D, = P*e=*We=T™M  Then, for the first term, we have

E ((tr(P;Q) - éP;g) QG)

/ 5 5 (tr(DsD;))G
P (sup R:! (tr(PS*Q) — € P;E) > 17> < Z Fr2G 20 <c Z ~pwmc. a0
s s=1 s 1 s=1 RS N
S
< C;ZR: ¢ = o(1),
s=1
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for some constants co and 0’2, where the first inequality follows from generalized Chebyshev’s
inequality, the second from Assumption [4] and Theorem [2[ in Whittle (1960), the third from
o%tr(DyD.) = tr(PrQPY) < R* and the fourth equality from Assumption

To find the order of the second term, sup, R:™! ‘tr (PS* ((AZ — Q)) ‘, note that for two nxn matrices
Ay and Az, we have Ymax(A142) < Ymax(A1)Ymax(A2) and Ymax (A1 + Az) < Ymax(A1) + Ymax(A2)
(Li, [1987). Since Ymax(A1) < ||A1|| for any matrix norm || -||, and ymax(eT:MSX(X,eT;M;eTs*MSX)_l
X'e™s M;) =1, it follows from Lemma that

SUP Yimax (P)) < SUP Yimax (€™ ) sUp Yimasx (€7 *) sUp Ymax (€% V*) sUp Ymax (e™ M) = O(1),
S S S S S
(E.8)
SUP Ymax (H}) < 14 sup ymax(Ps) = O(1). (E.9)
S S
Thus,
sup BRI~ ’tr (P;(ﬁ - Q)) ‘ < ¢ Lsup (Mnax(ﬁ - Q)vmaX(Pj)rank(P;)>
S S
< k¢t <'ymax(Q) + 'ymax(Q)) SUp Ymax (Ps) = op(1),
S
by (E.8), Assumption [8 and Lemma |A.3| For the third term, supg R:~! ‘tr(ﬁs — P9, we have

sup R;‘_l tr ((ﬁs - Ps*)ﬁ)’ < C;l sup (’ymax(ﬁs - Ps*)'ymax(ﬁ)rank(ﬁs - PS*))

< 2]‘7@;1 sup ’YmaX(jjs - P:)'YmaX(@) = Op(1)7

by Assumption [8] and Lemma Finally, for the fourth term, using the bounds of Rayleigh
quotient, we obtain sup, Ry ™* |& (Ps — P¥)é| < ¢ ||l sup, ymax(Ps — PF) = op(1) by Assumption
and Lemma [A4]

Next, we consider the results in (E.5) and (E.6]). It is easy to see that sup, R ™1

9a, O OP
Byls Qaaz Y

= 0y(1) by Assumption Similarly, we can obtain the result in (E.6|).

<

9a, B OP
8yls Q 862 Y

¢, ! sup,
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Now consider the result in (E.7). First note that we can express |Ls — R}| as

-l

== oo+ B -

~ 2 , .
Py = | = te(ProP) |12 p)?

2 / />~ o' S £\ ~
P — (PP + 240 (B — P2) (P — P)e

oyl (By— P Pre— 24 (By — P Hip+ 2 (P, — PY) Pre — 98 (P — P2 Hip

— 2 PYH! 1

< H(E—

+2

+2 ‘gng"H;‘p

W (Ps— Py) Pré

2 ~
P+ || (2 - Py

+ 2|/ (P, — P Hip

2 /
+ |IPE? - w(prep)

+2

¢ (P — P) Pre

+2 |/ (P~ ) (P, — PY)é

+2|¢ (P, P} Hip

Thus, we need to prove the following results for showing that sup, R:~!|Ls — R| = 0,(1):

sup R: !
S
sup R: ™1
S
sup R: ™!
S
sup R: ™1
S
sup R: ™!
S
*—1
sup R;
S
sup R: ™!
S
*x—1
sup R;
S

sup R: ™1
S

(B P2u|” = 0p(1),
(B~ Pe| " = 0,00),

|P2lf = t(PIP)| = 0,(1),

W (Ps = P;) (P — PY)E| = o,(1),
1 (Py — P¥) Pre| = 0,(1),

W (Ps = Py) Hip| = op(1),

€ (P, — P¥) Pre| = 0,(1),

(P, — PX) HY | = 0,(1),

P H:p

= 0p(1).

(E.10)

(E.11)
(E.12)
(E.13)
(E.14)
(E.15)
(E.16)
(E.17)

(E.18)

For the result in (E.10), it follows from the bounds of Rayleigh quotient, Assumptions [6] and [§] that

~ 2 ~
sup B3| (P = POu||” < Gl sup 2Py = P) = 0,(1).
S

The result in can be obtained similarly. The proof for the result in is similar to the
proof of the result in (E.4). For the result in (E.13)), we have sup, R}~" ‘ul(ﬁs — P*) (P, — P;)é) <
G |\l sup, Y2 (Ps — PX) ||E|| = op(1) by Assumption |§| and |8 and Lemma The remaining
results in - can be obtained similarly by using , , Assumptions |§| and |8l This

completes the proof of Theorem
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E.2 Proof of Theorem [2

- 2 L~ -
Py — yH = L+ ||é]|* + 2¢ Hyp — 2€ Psé, our criterion function can be expressed as

Since ‘

_ ds ~OP, 074~ 0P,
Cy =Ly + 8 +26Hs,u+2<tr(PQ) )+2<;;Qaasy+ aT; 8;;;)

= R: + 4n,

where gn = Ly — R + ||&]|% + 2eH,p + 2 (tr (15 Q) _ZP g) 42 (8as§8Ps + Za(108 ) We will
first show that ¢,/(; = op(1). It follows from Assumption |§| and Lemma that CHE? =
%smﬂy\ /Gi = 0p(1) and

0(1/n)Op(n) = o,(1). It directly follows from Assumption |9] that sup,

oas
sup, 8”(2?)1:53/‘ /G = 0p(1). Next, we will show that ‘éflsu /i = 0p(1). Note that (™ ‘e Hsp| <
§H *,u‘ + ¢t (P* ,u‘ where HY = I, — P}. It follows from Chebyshev’s inequality

and the bounds of Rayleigh quotient that

/ ! 2
>n) = P (| Hin| > Gm) < 072628 (¢ Hin) (E.19)

= 072G (1 B QHE ) < G2l () () = o(1),

PG e Hip

by Assumption [J] and Lemma Similarly, we have

P (G Py = Pou| > ) <0G 2B (€(P: — Paw)’ (E.20)

<026 e (P2 = P) e (@) 11 = 0p(1),

by Assumption|§|and Lemma|A.3| Next, we consider ¢~ ‘tr(ﬁsﬁ) —&Pg.
‘tr(PS*Q) —éPre| + ‘tr (P;((AZ - Q)) ‘ + ‘tr ((ﬁS - PS*)Q)‘ + & (P, — P;)é‘. Then, by Chebyshev’s

inequality, we have

P
by Assumption |§| and the fact that Var(é P¢) = O(n), which is ensured by Lemma and
Assumption For the term, ¢! ‘tr ((15S — PS*)Q

tr(P Q) — € Pre

> 5g;;) < 6720 2Var(@ PE) = o(1), (E.21)

we have

*—1
n

tr ((P PHQ )‘ <! sup <7max(P Py )7max(§)rank(ﬁs - P;))

< 2k<n7 sup ’YmaX(Ps - Ps )’YmaX(ﬁ) = Op(l)v (E‘22)
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by Assumption [9} Similarly, by Assumption [0 and Lemma [A-3] we have

i e (P2@ = )| <G sup (@ = D (P ramk(P) )

< k(! (’Ymax(ﬁ) + ’Ymax(Q)) sup Ymax(PY) = 0p(1). (E.23)

IN

& (P, — Pre
CL|E|? sup, Ymax (Ps—PrF) = op(1) by Assumption|§|and LemmalA.4, Thus, ¢! ’tr(ﬁsﬁ) —éPp,

op(1).
Next, we consider (*~1|Ls — R?|. From the proof Theorem [1} it will be enough to show that

Finally, for the third term, using the bounds of Rayleigh quotient, we obtain (™1

M2

(@) ||~ 22| /65 = 0p(0), HP P 16 = 00,

() |I1PE = (PP /G = 0,(1), (@) [ (s = P2) (P = P2 /G = 0p(1),
(e) |W (Ps = PI) Pre| /Gy = 0p(1),  (f) | (Ps = PY) Hip| /Gy = op(1),

(9) |€/(Ps = P) Pe| G = 0p(1),  (h) [€(Ps = PXY Hp| /G = 0p(1),

()

§) [EPSHE | /¢ = 0p(1).

We can prove the above results by using similar approaches to those used in (E.19)) Thus, we
have shown that Cy = R} + qn, where ¢,,/( = 0p(1) uniformly for s € S. Note that Assumption@
ensures that ¢ — co. Therefore, uniformly for s € S, we have C, = R} + qn with R; > ( — oo,

which completes the proof.

E.3 Proof of Theorem [3

Similar to the proof of Theorem [I} we need to verify the following;:

sup B (2) €’fl(z)u‘ = 0,(1), (E.24)

sup R'(2)"! tr(P(2)Q) — €/§(z)€‘ = 0,(1), (E.25)
S

sup R*(2)7! ZZS 805/5A8f yl = op(1), (E.26)
S

sup R* (=)~ Zzs a““”f = o0,(1), (E.27)

sup R*(2)7 ' |[L(z) = R*(2)] = 0p(1), (E.28)
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where z € NV, sup, denote supremum over A" and H(z) = I,, — P(z). For (E.24), similar to (E.3),

we need to prove

sup R*(z)7! €,H*(z),u‘ = 0p(1), (E.29)

and

sup R*(z) ™ ‘é (P*(z) - P(z)) u‘ = 0,(1), (E.30)

where H*(z) = I,, — P*(z). Note that H*(z) = Zle zsH because Zle zs = 1. Denote 22 as an
S x 1 vector of zeros except the sth element which is one. For (E.29), by a similar logic to the first

term in (E.3]), we obtain

P (supR*(z)—l €IH*(Z) <P ( nlsupizs €,H;"u’ > 77)
(Cn Jmax & 'H u‘ > n) P ((fnl & H*(29) u) > 77) ‘U (5;1 ng*(ZS)M‘ > n))
) 2G
s > s (Frm)

<> r

s=1

& H*(22

) = ZE 126 (26

S S
<ean 9GO NH GOl < ean 979N (R(29)7C = o(1),
s=1 s=1

where cj3 is a constant, the second inequality follows from the Boole’s inequality and the last equality
from Assumption For (E.30)), using the Cauchy-Schwarz inequality and the bounds of Rayleigh

quotient, we obtain

sup R*(z)~*
z

S
¢ (P*(z) - ﬁ(z)> ,u‘ < &t lél] Ymax (Z z5(Py — 153>> Il
s=1

S
e Y zmae (P2 = P il < 1El G sup ima (P2 = P ) lull = 0p(1),
s=1 s
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by Assumptions |§| and and the fact that ||€]| =

sup B*(2) ™ [tr (P*(2)00) — & P*(2)e] = o (1),

sup R*(2)7! |tr (P* )’ = o0p(1),
sup R*(2)7 ! tr ( P(z ) Q)‘ = 0p(1),
sup ()" |¢ (13 P*(2)) ¢ = 0,(1)

O,(n'/?), which is ensured by Lemma For
(E.25)), similar to we have to prove the following results:

(E.31)
(E.32)
(E.33)

(E.34)

Define D(22) = P*(20)e”™e=W . For (E.31)), using a similar approach to the one used in the

second term in (E.4]), we obtain

)

for some constants ¢4 and ¢;. Similarly, the results (E.32)-(E.34) can be obtained by similar
approaches used in the other terms in (E.4). Moreover, (E.26) and (E.27) can be easily obtained

from the second part of Assumption
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To prove (E.28)), similar to (E.7]), we need to show the following results:

sup B ()| (P2) = P 2)) | = 00, (E.35)
sup R* ()7 [[(PLe) - P(2) 6H2 — o,(1), (E.36)
sup R ()7 | Pl - 1 (PF()2P7 (2))| = o (1) (E.37)
sup R (z) ™ u (P(z) - P*(z))l P(z) - P*(z)) &l = 0,(1), (E.38)
sup () i (ﬁ(z) - P*(z))l P*(2)¢| = 0,(1), (E.39)
sup R* ()~ |t (P(2) - p*@)/ H*(Z)u' = 0,(1), (E.40)
sup R (z) ™ ¢ (N(z) - P*(z))l P*(2)e| = 0,(1), (E.41)
()7 (P) - P1) (] = 0y(0), (B.42)
sup B (2) ™" |u' P (2) H* ()| = o,(1). (E43)

For (E.35)), using the bounds of Rayleigh quotient, we obtain

’

sup 1) | () = P ] < 6 ((B0) = P721) (Pl = ) )
2
< G (PG = PH@) ) Il < & (fj o max( Py — P:>) 1l
s=1

_ = * 2
S nlsup712rlax(PS _Ps) HMH :Op(l)’
s

by Assumptions [f] and The result in (E.36]) can be obtained similarly.
To prove the result in (E.37), first define D(22) = P*(22)e*"We=™M . Then, using a similar
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approach to the one used in the first term of (E.4]), we obtain

P <sup R*(z

<P (5;1

1||P* ot - (PP ()| > )
supZZztzs > 77>

e PY P —tr(PXQPY)

z

t=1 s=1
—1 ~ px prs * */
<P (Cn Jnax max |é P Prée —tr(P;QP )| > 77)
< P (G EPY P (E)E - (P ()P (20)] > )

— tr(P*(29)QP* (29) ‘ > 77)

7)€
(L E P (29) P (23)E — tr(P*(22)Q0P* (29) ‘ > 77)
)

( )P*
( )
up(*;l & P¥ (29)P* (29)¢ — tr(P*(29)QP* (29) ‘>n)-..
( )
( )

P (G E P ()P (28)F - (P (:)2P" ()| > ) -+
U P (EHE PY (22)P*(22)E — tr(P*(22)QP (2 ‘ > 77)

¢ PY ()P (20)E — tr(P* ()P (29))] > )

, , , 2G
E (e P¥ (22)P*(20)¢ — tr(P*(20)QP* (zg)))

S S
< Z Z ”207726‘
n

where c5 and 0/5 are some constant terms, the fourth inequality follows from the Boole’s inequality

and the last equality from Assumption Finally, the results in (E.38)-(E.43|) can be obtained
similarly to those in (E.14)-(E.18)). This completes the proof.
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In this appendix, we provide additional simulation results on the finite sample performance of our
suggested MS and MA procedures. The simulation setting for these results is described in the
main text. For the normal distribution case, Tables [1| and [2] report the simulation results when
the true spatial weights matrices are Ws and Wj, respectively. For the non-normal distribution
case, Tables 3] [ and [p] report the simulation results when the true spatial weights matrices are W,
W3 and Wy, respectively. The remaining tables, Tables include the simulation results for the
heteroskedastic case.
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Table 1: True W is W» under normal disturbance

Wi Wa Wy Wy MS MA
a=0.2 n=169 RMSE of o 0.112 0.049 0.062 0.087 0.054
7=0.2 RMSE of 7 0.145 0.093 0.124 0.201 0.101
B1=2 RMSE of 51 0.095 0.075 0.079 0.089 0.075
B2=1 RMSE of 52  0.083 0.078 0.082 0.083 0.079
Loss 13.817 3.430 10.814 15.625 4.568 4.330
MS accuracy  0.057 0.858 0.071 0.014
MA weights 0.103 0.729 0.103 0.065
a=0.2 n=400 RMSE of a 0.112 0.035 0.048 0.058 0.035
7=0.2 RMSE of 7 0.125 0.061 0.087 0.157 0.062
B1=2 RMSE of 1 0.089 0.054 0.056 0.056 0.054
B2=1 RMSE of 52 0.051 0.050 0.062 0.067 0.051
Loss 25.017 3.459 21.223 30.787 3.985 4.330
MS accuracy  0.006 0.971 0.023 0.000
MA weights 0.062 0.836 0.076 0.026
Wy Wa W3 Wy MS MA
a=—-0.2 n=169 RMSE of o 0.102 0.046 0.075 0.114 0.057
7=—0.2 RMSE of T 0.137 0.095 0.137 0.234 0.115
B1=2 RMSE of 1 0.089 0.079 0.102 0.118 0.080
B2=1 RMSE of 52 0.071 0.071 0.081 0.097 0.071
Loss 13.727 3.306 13.127 18.737 4.845 4.500
MS accuracy  0.064 0.867 0.054 0.015
MA weights 0.105 0.752 0.085 0.058
a=—0.2 n=400 RMSE of o 0.106 0.031 0.043 0.081 0.033
7=-—0.2 RMSE of 7 0.121 0.061 0.083 0.185 0.063
B1=2 RMSE of 51 0.082 0.052 0.060 0.055 0.052
B2=1 RMSE of 82 0.067 0.051 0.052 0.054 0.051
Loss 25.880 3.259 22.714 34.457 3.839 4.158
MS accuracy  0.013 0.974 0.009 0.004
MA weights 0.063 0.850 0.050 0.037
Wi Wa Ws Wy MS MA
a=1.2 n=169 RMSE of o 1.001 0.060 3.474 4.606 0.070
T7=1.2 RMSE of 7 0.844 0.104 3.499 4.665 0.176
B1=2 RMSE of 51 1.142 0.102 0.780 0.867 0.116
B2=1 RMSE of 82 0.575 0.061 0.550 0.464 0.081
Loss 1592.040 23.011  913.465 926.259 57.168 65.376
MS accuracy  0.001 0.947 0.027 0.025
MA weights 0.049 0.838 0.065 0.048
a=1.2 n=400 RMSE of « 1.013 0.038 2.421 4.403 0.039
T7=1.2 RMSE of T 0.848 0.063 2.607 4.458 0.071
B1=2 RMSE of 1 1.163 0.065 0.721 0.817 0.066
B2=1 RMSE of B2 0.586 0.044 0.416 0.507 0.047
Loss 3972.496  25.020 2092.509 2277.550 33.755  69.030
MS accuracy  0.000 0.994 0.004 0.002
MA weights 0.027 0.894 0.050 0.029
Wy Wa Ws Wy MS MA
a=-1.2 n=169 RMSE of o 1.056 0.067 3.006 11.491 0.434
T=—1.2 RMSE of T 0.740 0.106 3.004 11.627 0.613
B1=2 RMSE of 1 1.153 0.111 0.567 1.308 0.148
Ba=1 RMSE of 52 0.602 0.066 0.321 0.702 0.100
Loss 1420.104 25.696  669.128 1262.617  65.657  74.989
MS accuracy  0.000 0.946 0.025 0.029
MA weights 0.052 0.854 0.021 0.073
a=—12 n=400 RMSE of o 1.027 0.037 1.689 13.408 0.044
T=-—1.2 RMSE of 7 0.807 0.065 1.828 13.819 0.177
B1=2 RMSE of 51 1.139 0.061 0.380 1.425 0.064
Ba2=1 RMSE of B2 0.565 0.037 0.211 0.718 0.049
Loss 3316.116  18.657 1341.870 3219.301 31.253 66.618
MS accuracy  0.000 0.992 0.002 0.006
MA weights 0.033 0.905 0.015 0.047




Table 2: True W is W5 under normal error terms

Wi Wo W3 Wy MS MA
a=0.2 n=169 RMSE of « 0.147 0.095 0.064 0.083 0.070
7=0.2 RMSE of 0.100 0.146 0.127 0.178 0.142
B1=2 RMSE of 51 0.079 0.078 0.077 0.086 0.077
B2=1 RMSE of (32 0.086 0.086 0.083 0.085 0.084
Loss 10.769 7.680 3.424 8.226 4.970 4.407
MS accuracy  0.026 0.108 0.703 0.163
MA weights 0.066 0.119 0.624 0.192
a=0.2 n=400 RMSE of a 0.151 0.099 0.043 0.055 0.048
7=0.2 RMSE of 7 0.073 0.119 0.084 0.118 0.092
£1=2 RMSE of 31 0.053 0.055 0.051 0.051 0.051
B2=1 RMSE of S2 0.049 0.049 0.048 0.051 0.048
Loss 17.751 12.381 2.957 12.469 4.391 4.037
MS accuracy  0.008 0.062 0.855 0.075
MA weights 0.044 0.092 0.745 0.118
Wi Wa W3 Wy MS MA
a=-0.2 n=169 RMSE of a 0.157 0.117 0.073 0.102 0.085
7=—0.2 RMSE of 7 0.093 0.125 0.142 0.196 0.151
B1=2 RMSE of 51 0.082 0.080 0.078 0.083 0.080
B2=1 RMSE of f2 0.074 0.074 0.071 0.078 0.073
Loss 9.518 7.472 3.309 6.726 4.817 4.206
MS accuracy  0.060 0.137 0.697 0.106
MA weights 0.098 0.151 0.614 0.137
a=-0.2 n=400 RMSE of « 0.150 0.100 0.044 0.077 0.049
7=-—0.2 RMSE of 7 0.072 0.116 0.083 0.137 0.088
B1=2 RMSE of 51 0.058 0.051 0.049 0.051 0.049
B2=1 RMSE of 32 0.051 0.049 0.048 0.049 0.048
Loss 19.005 13.434 2.975 13.022 3.704 3.712
MS accuracy  0.008 0.033 0.931 0.028
MA weights 0.047 0.081 0.785 0.087
Wi Wa Ws Wy MS MA
a=1.2 n=169 RMSE of « 0.974 0.611 0.062 2.534 0.167
T=1.2 RMSE of 0.338 0.735 0.127 2.643 0.259
B1=2 RMSE of 51 0.322 0.208 0.088 0.465 0.105
Ba=1 RMSE of (2 0.303 0.146 0.065 0.239 0.088
Loss 472.162 257.049  10.187 466.014 42.516 33.931
MS accuracy  0.003 0.045 0.906 0.046
MA weights 0.034 0.026 0.853 0.088
a=1.2 n=400 RMSE of « 0.963 0.597 0.042 3.096 0.102
T7=1.2 RMSE of 7 0.356 0.731 0.083 3.189 0.149
B1=2 RMSE of 51 0.374 0.133 0.056 0.473 0.064
B2=1 RMSE of S2 0.198 0.089 0.046 0.296 0.048
Loss 1035.937  549.931 10.224 982.778 28.952  36.242
MS accuracy  0.000 0.018 0.973 0.009
MA weights 0.029 0.019 0.894 0.058
Wi Wa Ws Wy MS MA
a=-1.2 n=169 RMSE of a 0.981 0.582 0.064 0.939 0.248
T=—1.2 RMSE of 7 0.416 0.794 0.129 0.775 0.265
B1=2 RMSE of 51 0.273 0.360 0.089 0.261 0.109
Ba=1 RMSE of S2 0.143 0.245 0.061 0.162 0.074
Loss 439.287 243.193 10.680 336.684 41.285  37.177
MS accuracy 0.017 0.063 0.887 0.033
MA weights 0.062 0.040 0.830 0.069
a=-—1.2 n=400 RMSE of « 1.047 0.674 0.041 0.543 0.108
T=-—1.2 RMSE of 0.320 0.694 0.083 0.305 0.109
B1=2 RMSE of 51 0.212 0.304 0.054 0.158 0.058
B2=1 RMSE of f2 0.069 0.259 0.040 0.141 0.044
Loss 995.274 557.724  9.241 443.054  19.920 28.424
MS accuracy  0.000 0.010 0.982 0.008
MA weights 0.060 0.023 0.902 0.016




Table 3: True W is Wa under non-normal (stadanrdized X%) error terms
Wy Wa W3 Wy MS MA
a=0.2 n=169 RMSE of « 0.112 0.049 0.064 0.086 0.053
7=0.2 RMSE of 7 0.141 0.091 0.126 0.202 0.097
B1=2 RMSE of 5 0.094 0.077 0.082 0.093 0.077
Ba=1 RMSE of (82 0.087 0.080 0.084 0.086 0.081
Loss 13.879 3.499 11.027 15.756 4.718 4.427
MS accuracy  0.042 0.860 0.079 0.019
MA weights 0.090 0.735 0.110 0.066
a=0.2 n=400 RMSE of « 0.104 0.030 0.047 0.064 0.031
7=0.2 RMSE of 7 0.119 0.056 0.081 0.165 0.057
B1=2 RMSE of 81 0.070 0.052 0.054 0.056 0.052
Ba=1 RMSE of 32 0.065 0.049 0.052 0.052 0.049
Loss 26.065 3.124 24.085 37.562 3.563 3.992
MS accuracy  0.008 0.979 0.013 0.000
MA weights 0.059 0.846 0.072 0.024
Wi Wa Ws Wy MS MA
a=—0.2 n=169 RMSE of a 0.115 0.050 0.066 0.156 0.062
7=—0.2 RMSE of 7 0.148 0.096 0.125 0.236 0.109
B1=2 RMSE of 81 0.108 0.078 0.088 0.086 0.079
Ba=1 RMSE of 2 0.086 0.077 0.080 0.088 0.078
Loss 13.551 3.305 12.155 17.897 4.640 4.357
MS accuracy  0.049 0.884 0.044 0.023
MA weights 0.100 0.761 0.079 0.060
a=-0.2 n=400 RMSE of 0.111 0.034 0.046 0.074 0.037
7=—0.2 RMSE of 7 0.125 0.061 0.083 0.190 0.069
B1=2 RMSE of 3 0.073 0.051 0.053 0.057 0.051
Ba=1 RMSE of 82 0.056 0.052 0.054 0.057 0.052
Loss 25.896 3.382 21.811 29.757 4.071 4.396
MS accuracy  0.004 0.970 0.016 0.010
MA weights 0.058 0.841 0.046 0.055
Wy Wa Ws Wy MS MA
a=1.2 n=169 RMSE of « 1.012 0.057 3.325 5.062 0.079
T=1.2 RMSE of 7 0.745 0.098 3.294 5.049 0.146
B1=2 RMSE of 5 1.090 0.091 0.585 0.766 0.105
Ba=1 RMSE of 82 0.586 0.066 0.459 0.437 0.085
Loss 1528.231 19.706  795.227 931.889 59.420  61.765
MS accuracy  0.001 0.943 0.032 0.024
MA weights 0.049 0.856 0.057 0.038
a=1.2 n=400 RMSE of « 1.014 0.039 2.382 4.217 0.039
T=1.2 RMSE of 7 0.853 0.062 2.582 4.257 0.075
B1=2 RMSE of 81 1.164 0.066 0.595 0.801 0.066
Ba=1 RMSE of 2 0.575 0.041 0.425 0.436 0.043
Loss 3966.367  24.997 1799.558  2469.166 36.853  67.524
MS accuracy  0.000 0.992 0.006 0.002
MA weights 0.031 0.896 0.051 0.022
Wi Wa W3 Wy MS MA
a=—1.2 n=169 RMSE of 0.965 0.053 2.305 11.718 0.138
T=—1.2 RMSE of 7 0.693 0.092 2.372 12.386 0.353
B1=2 RMSE of 81 1.130 0.095 0.487 1.368 0.127
Ba=1 RMSE of 2 0.558 0.058 0.387 0.749 0.115
Loss 1639.635 20.355  752.891 1463.676  58.905  72.958
MS accuracy  0.004 0.952 0.013 0.031
MA weights 0.050 0.844 0.028 0.078
a=-—1.2 n=400 RMSE of 1.007 0.039 1.145 12.929 0.044
T=—1.2 RMSE of 7 0.842 0.062 1.279 13.141 0.098
B1=2 RMSE of 3 1.155 0.067 0.634 1.440 0.068
Ba=1 RMSE of 82 0.578 0.045 0.366 0.760 0.046
Loss 3889.033  25.745 1829.504 3612.798  28.537  74.325
MS accuracy  0.000 0.999 0.000 0.001
MA weights 0.029 0.906 0.033 0.033

1



Table 4: True W is W3 under non-normal (stadanrdized x3) error terms

Wi Wa W3 Wy MS MA
a=0.2 n=169 RMSE of a 0.147 0.093 0.061 0.079 0.068
7=0.2 RMSE of 7 0.106 0.148 0.124 0.172 0.140
B1=2 RMSE of 1 0.080 0.077 0.076 0.082 0.077
B2=1 RMSE of B2 0.082 0.082 0.081 0.082 0.081
Loss 10.641 7.394 3.164 8.026 4.660 4.081
MS accuracy  0.031 0.112 0.713 0.144
MA weights 0.068 0.118 0.645 0.169
a=0.2 n=400 RMSE of « 0.153 0.109 0.047 0.061 0.050
7=0.2 RMSE of 7 0.073 0.109 0.085 0.119 0.089
B1=2 RMSE of 51 0.055 0.058 0.051 0.053 0.052
B2=1 RMSE of 52 0.052 0.052 0.051 0.052 0.051
Loss 17.742 12.984 3.230 15.365 4.229 4.149
MS accuracy  0.007 0.038 0.911 0.044
MA weights 0.041 0.071 0.789 0.098
Wi Wa Ws Wy MS MA
a=-0.2 n=169 RMSE of a 0.159 0.109 0.067 0.131 0.084
7=-—0.2 RMSE of 7 0.093 0.134 0.127 0.216 0.144
B1=2 RMSE of 51 0.086 0.078 0.076 0.078 0.078
B2=1 RMSE of B2 0.087 0.083 0.079 0.084 0.080
Loss 10.715 8.230 3.142 9.075 4.392 3.979
MS accuracy  0.033 0.084 0.817 0.066
MA weights 0.073 0.119 0.707 0.101
a=-0.2 n=400 RMSE of « 0.154 0.103 0.048 0.071 0.054
7=-0.2 RMSE of 7 0.070 0.115 0.082 0.128 0.092
B1=2 RMSE of 31 0.051 0.053 0.049 0.052 0.049
B2=1 RMSE of B2 0.058 0.058 0.056 0.058 0.056
Loss 18.229 12.923 3.359 10.780 4.454 4.307
MS accuracy  0.010 0.056 0.882 0.052
MA weights 0.061 0.101 0.744 0.094
Wy Wa Ws Wy MS MA
a=1.2 n=169 RMSE of 0.990 0.622 0.062 2.598 0.104
T=1.2 RMSE of T 0.336 0.796 0.128 2.709 0.216
B1=2 RMSE of 31 0.332 0.269 0.082 0.391 0.101
B2=1 RMSE of B2 0.216 0.138 0.069 0.259 0.077
Loss 485.307 273.603  9.173 414.074 29.691  28.458
MS accuracy  0.001 0.011 0.945 0.043
MA weights 0.039 0.023 0.865 0.074
a=1.2 n=400 RMSE of a 0.974 0.595 0.040 4.298 0.099
T=1.2 RMSE of 7 0.382 0.766 0.083 4.406 0.151
B1=2 RMSE of 51 0.329 0.195 0.057 0.567 0.061
B2=1 RMSE of B2 0.118 0.148 0.043 0.330 0.045
Loss 1097.609 575.632 10.141 1217.466 30.486 38.014
MS accuracy  0.000 0.017 0.973 0.010
MA weights 0.032 0.018 0.898 0.053
Wi Wa W3 Wy MS MA
a=-1.2 n=169 RMSE of 0.926 0.679 0.061 0.535 0.211
T=-—1.2 RMSE of 0.421 0.914 0.122 0.551 0.283
B1=2 RMSE of ;1 0.357 0.268 0.087 0.164 0.096
B2=1 RMSE of B2 0.139 0.201 0.058 0.151 0.078
Loss 610.846 290.374 12499  248.331 48.779  44.771
MS accuracy  0.004 0.062 0.875 0.059
MA weights 0.076 0.044 0.815 0.065
a=-1.2 n=400 RMSE of « 0.979 0.614 0.041 0.735 0.104
T=-—1.2 RMSE of T 0.374 0.730 0.084 0.413 0.130
B1=2 RMSE of 31 0.367 0.126 0.057 0.147 0.058
B2=1 RMSE of B2 0.185 0.089 0.045 0.096 0.046
Loss 905.125 509.739  8.556 587.272 19.063  26.593
MS accuracy  0.000 0.019 0.979 0.002
MA weights 0.044 0.029 0.901 0.027

)



Table 5: True W is Wy under non-normal (stadanrdized x3) error terms

Wi Wa Ws Wy MS MA
a=0.2 n=169 RMSE of a 0.173 0.146 0.100 0.076 0.085
7=0.2 RMSE of 7 0.178 0.208 0.162 0.174 0.184
B1=2 RMSE of 51 0.074 0.073 0.073 0.074 0.074
Ba=1 RMSE of 52 0.082 0.082 0.082 0.081 0.081
Loss 7.228 6.372 5.224 2.710 3.984 3.464
MS accuracy  0.062 0.117 0.115 0.706
MA weights 0.095 0.120 0.115 0.669
a=0.2 n=400 RMSE of o 0.182 0.166 0.109 0.063 0.072
7=0.2 RMSE of 0.155 0.173 0.122 0.118 0.129
B1=2 RMSE of 51 0.059 10.227 0.055 0.051 0.051
B2=1 RMSE of 82 0.050 0.050 0.050 0.050 0.050
Loss 10.227 9.617 7.920 2.763 4.089 3.616
MS accuracy  0.024 0.055 0.106 0.815
MA weights 0.068 0.079 0.113 0.739
Wi Wa Ws Wy MS MA
a=—0.2 n=169 RMSE of o 0.187 0.174 0.158 0.120 0.142
7=-0.2 RMSE of 7 0.116 0.134 0.151 0.196 0.178
£1=2 RMSE of 1 0.077 0.075 0.077 0.076 0.076
B2=1 RMSE of B2 0.080 0.078 0.077 0.075 0.078
Loss 6.544 6.364 5.651 3.496 5.105 4.379
MS accuracy  0.102 0.135 0.216 0.547
MA weights 0.129 0.143 0.228 0.501
a=-—0.2 n=400 RMSE of a 0.173 0.144 0.112 0.069 0.080
7=-—0.2 RMSE of 7 0.108 0.137 0.134 0.126 0.129
B1=2 RMSE of 51 0.050 0.050 0.049 0.049 0.049
Ba=1 RMSE of g2 0.057 0.058 0.057 0.055 0.056
Loss 12.729 10.860 7.814 3.515 4.820 4.426
MS accuracy  0.040 0.049 0.152 0.759
MA weights 0.081 0.080 0.167 0.672
Wi Wa Ws Wy MS MA
a=1.2 n=169 RMSE of 1.076 0.931 0.365 0.063 0.080
T7=1.2 RMSE of 7 1.242 1.401 0.884 0.177 0.198
B1=2 RMSE of 51 0.168 0.177 0.157 0.079 0.080
Ba=1 RMSE of B2 0.177 0.154 0.195 0.074 0.074
Loss 122.422  103.227 194.649 3.694 4.137 6.478
MS accuracy  0.000 0.003 0.001 0.996
MA weights 0.034 0.041 0.032 0.892
a=1.2 n=400 RMSE of « 1.083 0.981 0.274 0.042 0.042
T7=1.2 RMSE of 7 1.286 1.393 0.806 0.110 0.110
B1=2 RMSE of 1 0.163 0.152 0.180 0.053 0.053
B2=1 RMSE of 82 0.144 0.125 0.130 0.044 0.044
Loss 282.270 255.846 616.782  3.634 3.634 5.714
MS accuracy  0.000 0.000 0.000 1.000
MA weights 0.014 0.027 0.013 0.946
Wi Wa W3 Wa MS MA
a=—1.2 n=169 RMSE of o 1.065 0.820 1.088 0.130 0.317
T=—1.2 RMSE of 0.274 0.485 0.285 0.203 0.239
£1=2 RMSE of 1 0.173 0.266 0.183 0.078 0.088
B2=1 RMSE of B2 0.176 0.108 0.196 0.077 0.084
Loss 457.505  307.583  439.141 22.171 55.116  45.632
MS accuracy  0.004 0.072 0.025 0.899
MA weights 0.034 0.039 0.080 0.846
a=-1.2 n=400 RMSE of a 1.113 0.932 1.233 0.091 0.242
T=-—1.2 RMSE of 7 0.219 0.394 0.201 0.136 0.153
B1=2 RMSE of 51 0.265 0.080 0.318 0.058 0.065
Ba=1 RMSE of B2 0.109 0.074 0.152 0.048 0.050
Loss 583.407 465.628 659.137 13.725  38.044 37.814
MS accuracy  0.004 0.041 0.005 0.950
MA weights 0.034 0.035 0.059 0.872
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Table 6: True W is W5 under heteroskedastic error terms

Wi Wa Wy Wy MS MA
a=0.2 n=169 RMSE of o 0.113 0.050 0.066 0.091 0.056
7=0.2 RMSE of 7 0.148 0.097 0.134 0.221 0.105
B1=2 RMSE of 51 0.114 0.102 0.109 0.118 0.103
B2=1 RMSE of 82  0.085 0.078 0.083 0.086 0.079
Loss 14.706 4.496 12.064 16.794 5.908 5.487
MS accuracy  0.056 0.836 0.090 0.018
MA weights 0.097 0.720 0.118 0.066
a=0.2 n=400 RMSE of a 0.102 0.030 0.049 0.065 0.033
7=0.2 RMSE of 7 0.118 0.059 0.087 0.173 0.061
B1=2 RMSE of 1 0.083 0.068 0.070 0.071 0.068
B2=1 RMSE of B2 0.062 0.047 0.050 0.049 0.047
Loss 26.686 3.952 24.991 38.339 4.469 4.857
MS accuracy  0.012 0.976 0.012 0.000
MA weights 0.061 0.844 0.072 0.022
Wy Wa W3 Wy MS MA
a=—-0.2 n=169 RMSE of o 0.118 0.050 0.069 0.161 0.065
7=—0.2 RMSE of T 0.144 0.092 0.123 0.246 0.107
B1=2 RMSE of 1 0.127 0.104 0.115 0.111 0.104
B2=1 RMSE of B2 0.088 0.083 0.086 0.095 0.083
Loss 14.601 4.409 13.317 19.131 6.147 5.531
MS accuracy 0.074 0.842 0.061 0.023
MA weights 0.106 0.751 0.081 0.062
a=—0.2 n=400 RMSE of o 0.112 0.034 0.050 0.071 0.036
7=-—0.2 RMSE of 7 0.127 0.062 0.088 0.190 0.067
B1=2 RMSE of 1 0.084 0.065 0.067 0.070 0.065
B2=1 RMSE of 82 0.059 0.056 0.058 0.062 0.056
Loss 26.888 4.325 22.924 30.529 4.868 5.324
MS accuracy  0.006 0.975 0.013 0.006
MA weights 0.061 0.840 0.051 0.049
Wi Wa Ws Wy MS MA
a=1.2 n=169 RMSE of o 1.025 0.065 2.327 5.928 0.075
T7=1.2 RMSE of 7 0.750 0.104 2.392 5.953 0.168
B1=2 RMSE of 51 1.067 0.120 0.594 0.984 0.130
B2=1 RMSE of 82 0.629 0.065 0.396 0.581 0.079
Loss 1796.327  35.367  765.477 1242.728  74.591  80.532
MS accuracy  0.001 0.949 0.021 0.029
MA weights 0.046 0.850 0.059 0.045
a=1.2 n=400 RMSE of « 1.011 0.037 3.237 4.501 0.037
T7=1.2 RMSE of T 0.850 0.064 3.422 4.580 0.066
B1=2 RMSE of 1 1.153 0.076 0.644 0.737 0.076
B2=1 RMSE of B2 0.581 0.039 0.340 0.385 0.039
Loss 4049.869  27.181  1893.256  2528.386  32.350  74.028
MS accuracy  0.000 0.996 0.004 0.000
MA weights 0.030 0.900 0.047 0.022
Wy Wa Ws Wy MS MA
a=-1.2 n=169 RMSE of o 0.950 0.058 1.518 11.544 0.138
T=—1.2 RMSE of T 0.685 0.096 1.609 11.766 0.342
B1=2 RMSE of 1 1.135 0.116 0.813 1.329 0.139
Ba=1 RMSE of 52 0.534 0.065 0.310 0.682 0.108
Loss 1327.822  22.200 871.228 1367.843 58.519  72.662
MS accuracy  0.001 0.951 0.020 0.028
MA weights 0.043 0.846 0.036 0.076
a=—12 n=400 RMSE of o 1.002 0.042 1.271 12.435 0.042
T=-—1.2 RMSE of 7 0.801 0.065 1.436 12.727 0.071
B1=2 RMSE of 51 1.147 0.079 0.638 1.398 0.079
Ba2=1 RMSE of B2 0.574 0.044 0.386 0.740 0.044
Loss 3864.587 30.816 1859.131 3502.113 34.836 86.543
MS accuracy  0.000 0.997 0.003 0.000
MA weights 0.030 0.898 0.037 0.035
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Table 7: True W is W5 under heteroskedastic error terms

Wi Wa W3 Wy MS MA
a=0.2 n=169 RMSE of a 0.147 0.094 0.066 0.085 0.074
7=0.2 RMSE of 7 0.104 0.146 0.130 0.180 0.143
B1=2 RMSE of 51 0.102 0.100 0.100 0.106 0.100
B2=1 RMSE of 52 0.080 0.081 0.079 0.085 0.080
Loss 11.471 8.379 4.191 9.007 5.871 5.212
MS accuracy  0.047 0.137 0.677 0.139
MA weights 0.078 0.142 0.608 0.171
a=0.2 n=400 RMSE of « 0.153 0.109 0.046 0.062 0.051
7=0.2 RMSE of 7 0.071 0.107 0.085 0.122 0.091
B1=2 RMSE of 51 0.072 0.075 0.069 0.070 0.069
B2=1 RMSE of 32 0.050 0.050 0.049 0.051 0.049
Loss 18.411 13.691 4.004 16.206 5.210 4.947
MS accuracy  0.009 0.051 0.895 0.045
MA weights 0.042 0.080 0.783 0.095
Wi Wa W3 Wy MS MA
a=—0.2 n=169 RMSE of o 0.158 0.109 0.067 0.135 0.082
7=—0.2 RMSE of 7 0.099 0.134 0.129 0.222 0.147
B1=2 RMSE of 51 0.112 0.106 0.106 0.107 0.106
B2=1 RMSE of 32 0.086 0.086 0.083 0.088 0.084
Loss 11.857 9.300 4.252 10.273 5.837 5.302
MS accuracy  0.059 0.110 0.775 0.056
MA weights 0.102 0.120 0.684 0.094
a=—0.2 n=400 RMSE of o 0.153 0.103 0.048 0.068 0.053
7=-—0.2 RMSE of 0.073 0.117 0.088 0.130 0.096
B1=2 RMSE of 1 0.066 0.068 0.064 0.067 0.064
B2=1 RMSE of 52  0.058 0.058 0.056 0.058 0.056
Loss 18.995 13.671 4.128 11.360 5.178 4.985
MS accuracy  0.010 0.057 0.881 0.052
MA weights 0.063 0.100 0.747 0.090
Wi Wa Ws Wy MS MA
a=1.2 n=169 RMSE of 0.968 0.725 0.066 4.101 0.142
7=1.2 RMSE of 0.370 0.966 0.132 4.180 0.231
B1=2 RMSE of 51 0.420 0.235 0.108 0.605 0.114
B2=1 RMSE of 52 0.202 0.196 0.065 0.347 0.075
Loss 569.807 265.604 15.509  547.940 37.734  36.543
MS accuracy  0.001 0.042 0.933 0.024
MA weights 0.034 0.037 0.853 0.076
a=1.2 n=400 RMSE of « 0.976 0.801 0.044 2.359 0.093
T7=1.2 RMSE of 7 0.357 0.880 0.084 2.467 0.123
B1=2 RMSE of 51 0.166 0.351 0.070 0.373 0.073
B2=1 RMSE of 32 0.185 0.120 0.041 0.208 0.042
Loss 1109.869 615.068 13.879 1169.966 27.535 38.434
MS accuracy  0.000 0.013 0.982 0.005
MA weights 0.032 0.016 0.903 0.049
Wy Wa Ws Wy MS MA
a=—12 n=169 RMSE of o 0.979 1.314 0.062 0.873 0.202
T=—1.2 RMSE of T 0.431 1.460 0.128 0.671 0.230
£1=2 RMSE of g1 0.382 0.284 0.109 0.262 0.122
Ba=1 RMSE of 52 0.281 0.185 0.073 0.192 0.090
Loss 411.606 268.487 10.454  295.791 30.358  29.320
MS accuracy  0.009 0.030 0.927 0.034
MA weights 0.065 0.027 0.846 0.061
a=-1.2 n=400 RMSE of 0.982 0.614 0.042 0.752 0.127
T=-—1.2 RMSE of 7 0.370 0.728 0.081 0.438 0.137
B1=2 RMSE of 51 0.372 0.141 0.072 0.164 0.073
B2=1 RMSE of 52  0.187 0.089 0.044 0.092 0.047
Loss 909.669 513.615 10.855 597.735 26.466  34.005
MS accuracy  0.000 0.028 0.970 0.002
MA weights 0.042 0.033 0.896 0.030
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Table 8: True W is W4 under heteroskedastic error terms

Wi Wa W3 Wy MS MA
a=0.2 n=169 RMSE of o 0.174 0.149 0.102 0.084 0.092
7=0.2 RMSE of 7 0.177 0.204 0.157 0.183 0.193
B1=2 RMSE of 51 0.100 0.099 0.099 0.099 0.100
B2=1 RMSE of 82 0.083 0.083 0.082 0.081 0.082
Loss 8.081 7.214 6.169 3.613 4.806 4.415
MS accuracy  0.057 0.081 0.129 0.733
MA weights 0.094 0.108 0.124 0.673
a=0.2 n=400 RMSE of o 0.183 0.168 0.113 0.067 0.076
7=0.2 RMSE of 0.154 0.171 0.118 0.119 0.126
£1=2 RMSE of 81 0.073 10.805 0.070 0.066 0.067
B2=1 RMSE of B2 0.047 0.047 0.047 0.047 0.047
Loss 10.805 10.206 8.548 3.481 4.501 4.228
MS accuracy  0.033 0.041 0.067 0.859
MA weights 0.067 0.077 0.090 0.765
Wi Wa Ws Wy MS MA
a=—0.2 n=169 RMSE of 0.187 0.172 0.156 0.124 0.141
7=-—0.2 RMSE of 7 0.123 0.141 0.155 0.202 0.188
£1=2 RMSE of p1 0.102 0.101 0.102 0.101 0.101
B2=1 RMSE of 52 0.080 0.081 0.082 0.079 0.082
Loss 7.463 7.205 6.639 4.490 6.066 5.261
MS accuracy  0.113 0.097 0.243 0.547
MA weights 0.141 0.112 0.235 0.512
a=—0.2 n=400 RMSE of 0.175 0.144 0.112 0.067 0.079
7=—0.2 RMSE of 7 0.110 0.141 0.141 0.119 0.130
B1=2 RMSE of 51 0.069 0.069 0.069 0.069 0.069
B2=1 RMSE of B2 0.058 0.059 0.058 0.058 0.058
Loss 13.816 11.920 9.016 4.522 5.995 5.486
MS accuracy  0.039 0.053 0.171 0.737
MA weights 0.080 0.075 0.176 0.668
Wi Wa Ws Wy MS MA
a=1.2 n=169 RMSE of « 1.059 0.919 0.315 0.060 0.086
T7=1.2 RMSE of 7 1.267 1.407 0.873 0.176 0.208
B1=2 RMSE of 81 0.140 0.131 0.146 0.098 0.099
B2=1 RMSE of B2  0.164 0.157 0.146 0.072 0.072
Loss 125.120 104.991  244.548  4.366 5.014 6.744
MS accuracy  0.000 0.006 0.000 0.994
MA weights 0.031 0.042 0.018 0.910
a=1.2 n=400 RMSE of o 1.121 1.048 0.400 0.045 0.045
T7=1.2 RMSE of 7 1.225 1.302 0.792 0.110 0.110
B1=2 RMSE of 81 0.293 0.278 0.232 0.066 0.066
B2=1 RMSE of B2 0.082 0.091 0.072 0.040 0.040
Loss 238.350  224.707 482.115 4.583 4.583 6.920
MS accuracy  0.000 0.000 0.000 1.000
MA weights 0.017 0.026 0.014 0.942
Wi Wa Ws Wy MS MA
a=—1.2 n=169 RMSE of o 1.123 0.988 1.261 0.152 0.396
T=—1.2 RMSE of 0.225 0.356 0.277 0.217 0.232
B1=2 RMSE of 81 0.268 0.149 0.386 0.110 0.126
Ba=1 RMSE of B2 0.098 0.108 0.153 0.072 0.074
Loss 232.002 199.282  272.159 15.398 39.293 32.021
MS accuracy 0.035 0.070 0.014 0.881
MA weights 0.064 0.046 0.065 0.826
a=-—1.2 n=400 RMSE of « 1.113 0.931 1.226 0.100 0.219
T=-—1.2 RMSE of 7 0.217 0.394 0.186 0.139 0.154
B1=2 RMSE of 81 0.270 0.093 0.318 0.073 0.077
B2=1 RMSE of 82  0.110 0.074 0.147 0.046 0.047
Loss 584.700 466.925 654.524 17.011 35.280 37.972
MS accuracy  0.003 0.034 0.001 0.962
MA weights 0.032 0.032 0.051 0.885
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